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Abstract

Since the promulgation of the “General High School Mathematics Curriculum Standards (2017 Edition,

CHERERE

XES|H: FAEN, RO, EEE e EE s BET R D] EIgEE, 2024, 14(9): 159-170.
DOI: 10.12677/pm.2024.149336


https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2024.149336
https://doi.org/10.12677/pm.2024.149336
https://www.hanspub.org/

Fi% My 5%

2020 Revision)”, the reform of mathematics curriculum has been continuously deepened, which has
put forward higher requirements for teachers’ mathematical professional knowledge and literacy.
Teachers need to understand the essence of middle school mathematics knowledge from a high per-
spective. In addition, the frequent appearance of questions with a background in advanced mathe-
matics in the college entrance examination also puts higher demands on students’ cognition. Ptol-
emy’s theorem describes the quantitative relationship between the four sides and diagonals of a
circle inscribed with a quadrilateral, playing a unique role in the geometry of circles. It can be used
to solve geometric problems related to circles, as well as to construct special circles inscribed with
quadrilaterals to solve algebraic problems. By geometricizing algebraic problems, many problems
can be solved more conveniently and simply. Through the study of the various applications of Ptol-
emy’s theorem in high school mathematics, this article aims to stimulate students’ interest in mathe-
matics, improve their understanding of mathematical concepts, provide effective teaching tools for
teachers, enable students to have a deeper understanding of mathematical knowledge, and flexibly
apply learned concepts in practical problems.
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2. ¥EEhEEE K FHIERA
2.1 FEEERE

FL#) % € B (Ptolemy’s Theorem) & i A LA ) — N EEE 3, W KA NIRRT . & 142
R —IAATE 90 A 168 A2 [l il 75 il RS2 K ANE 2 5K 5 57 Ak 2 7« #E8)%5 (Claudius Ptol-
emy), HIERFEHZEAE CRICERED) (Almagest) kAT 1 EBA[2]. LA & B30 8 B VAN SANIE Y]
IR, DAR LT SRS A E A28

FE3) % 8 B FRTE — A A 42 DY T (R DY AN T0LSCERAE R — AN DY) b, DY T it f e
J& 55 DU B30 FE 2 T3 /R R 8 R R o 208 BAMNAE o ARB b B S AT, /e IARE . L
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Figure 1. The proof of Ptolemy’s theorem
E 1. fE80% EXEAIERR

w1, V9B ABCD NIEIWNEEDUILTE, 7 BD FEUE P, {i52BAP = 2CAD, EIHIRATH LIS H

AB BP BC PD
ABAP-ACAD, —=——, WIHAB-CD=AC-BP @; FIHAABC-AAPD, —=——, JiiL
MﬁﬁﬁAC D 1) @©; [ AC_CD Xs)

BC-AD=AC-PD ®@:
H® +@%F: AB-CD+BC-AD=AC-(BP+PD)=AC-BD
HEAFIE3] -

2.2. fERhER EIRROS TR

AR FE 8 3 BB A TR AT DA Fe s e B B R DU IL T AL 1A SRR 2 s e
P20 RO SRAR, IR A IUILTE N I A #EDUIA T . HAER I AR G T

D
y2aN

C

Figure 2. The proof of Ptolemy’s inverse theorem
E 2. {803 EEAIERR

A
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w2, VUikJE ABCD i# /& AB-CD+BC-AD=AC-BD, fEVUiiJz ABCD WHL— 5 P, 115 2BAP
AB BP

= +,CAD, 2ABP = «DCA, Hit’HABAP-ACAD, }}\ﬁﬁﬁA—C=C—D, BlI5 AB-CD=AC-BP @©; XH
AB AC _ AB AP BC PD

2ol mI T T H/BAC = 2PAD, [HIHAABC-AAPD, H—=-——71BC-AD=AC-PD @;
AP AD "AC AD e Hac D @

H®+@7F: AB-CD+BC-AD=AC-(BP+PD),
Jifbk BP +PD =BD, ElPfEBD I, BItfi2DCA = £ABD,
I U 7% ABCD D18 A 45 PUIA T [4]

23. "X FEHERE

HRIEFEB & BT UG — R T I A e, B ST#hE e B, MRt ##E A MY
LT PRI TR 2 AR 251 POt F 2R R SReAR, 24 HLACA DY DY i SRR I S o HAE W A2 a0 T

D
B
C
Figure 3. The proof of generalized Ptolemy’s theorem

3. I XEENE EIRHOIERA

w3, fEfERENIUILE ABCD 1, fEAABP fii2BAP = 2CAD, 2ABP = £ACD, %4% DP, AJ15

AB BP AB Al
AABP-AACD, Ffr U\ﬁE=a , BIBP-AC=AB-CD O; HAABP-AACD f§—=—c , HzBAC
BC PD

= £PAD, JiLAAABC-AAPD, EHE=E?%':PD-AC:BC-AD @;

1@+ @%F: AC-(BP+PD)=AB-CD+BC-AD.

N A BE+ED>BD,

FiLL AB-CD+AD-BC>AC-BD (4 HAXMVUiLf ABCD 2[F N E: IR, %5 mAr) [5].
3. T ERES PR FEPHNA
3.1 AMEEBEERSENHRA

3.1.1. fil—
(2022 &HEHHE) W 4, CHAABC H, £iDfiLBC L, LADB=120°, AD=2, CD=2BD,

AC _ .
E| Eﬂid‘lﬁ, BD 5 F % /b7

B C

Figure 4. Example 1
& 4. fl—
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() B
B BD=x, M CD=2x
AD’ +BD’ - AB’

fEAABD ', cos/ADB = , A AB? =x2+2x+4;
2AD-AB

2 2 2
FIFEAACD 1, cos/ADC = AD ;CI;DCDAC A3 AC? =4x% —4x+4 ;

2 2 12(x+1
ﬁﬁu/;;:ztx ax+4_, 12(x+1) 2, L0,

X2 +2x+4 X2 42X+ 4

X+1+—
X+1
FKHNx>05Fx+1>1;

AC AC* . 3
DL — /PR 2 min=4-243 , I —— B x=4/3-1;
ﬁﬁJ\ABBi/J\ BAB2 min V3, b jo+1 Mx=+3

AC
Fﬁuﬁlﬁﬁid\ﬁﬂ', BD=«/§—1°

(&) T B

Figure 5. Solution of Ptolemy theorem in Example 1
B 5. fl—itEhes EIBRRE

Wi 5, fESB XT AD X #R s E, Il AB=AE, 2ADB = 2ADE =120°;
#% BD=DE =x, Il CD = 2x;
fEABED 1, W43 BE =+/3x ;

ED? + CD? - CE?

7EABED #1, i cos /EDC = , 3 EC=+/3x;
2ED-CD

DA ABEC F1, LS EH4: AB-EC+BE-AC>BC-AE, RAHIEE:
%2\@—1 (4 EA0 A By E. C P AL HLAE )

EEﬂ:AD 79§’Z BE E"]E’jﬁzfy FEU\‘DOEAD J:y ﬁOB:OE, E‘[?%E’.,AOBE ﬁ%ﬂzﬁﬂ%,
Il AD = AO+OD =/3x+ X =2 ;
RS BD=x=~3-1.

R IXE U SRR AL, SRR

2
2; SHEAT BB (R T R S AE R L R 2,

FAREAT HIER ISR, ﬁtfﬂ?)t%?i%ﬂﬂ%%zliﬁ%ﬁf%th%E"JBE&'/J\{EO Un SRR P HE 0 € PR O

BRI BNES, XS R AR Z, ARAER AT ) ST 545 2—; e/ MEL, AT PRESR H BD FRIME -
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3.1.2. =
(2019 « fii/K )N 6, 7EFEEPYAE ABCD 1, AB=1, AC=+/5, BDLBC, BD=2BC, lj AD
i/ MENZ 7
D
B C
Figure 6. Example 2
# 6. fl=
(—) B
¥ BC=x, | BD=2x, 2ABD =6
2 2 2
EAABD 1, it cosg = AB_+AD” ~BD 94 AD? =1+ 4x* —4xc0s0 ;
2AB-AD
2 2 2 2
fEAABC 1, i cos| Z+6 _AB +BC -AC f%'asinH:A' X 0<x<2;
2 2AB-AC 2x
[ 2_ 4_
mﬂcosezu;
2X
2_ 4_
Y F(X) =1+ 4% —4xc039:1+4x2—4x—W:1+ 4x2 —2\12x% —x* —16 (0 < x < 2);
X
_ 3
M £/(x)=8x— 22Xy =0, #45 x=+2
12x* —x* =16

LH:E(O,\/E), () AUk R 5 E[ﬁ,z), () Ay 18 B 5
f(x)min=f(v2)=5, BiLIfiHi AD fHis/MEN 5 -
(=) FL#hs e B ARk
¥ BC=x, W] BD=2x
By BDLBC, i@ id/a) e #it452 H CD = /5x ;
hit#h% 2 #4E AB-CD+BC-AD>AC-BD, fAA#dE1E,
\/§x+xAD22\/§x
TEAH AD>B, MHAY A, By C. D PYAFLFEED Y PUiL K ABCD yI5l A H2 Y 12 T i B 2% 5
Tl AD 5 /ME A5 -
FE: IR IE — R R CR R X E R, RN R BAAAEY, RN FEEEA A S —E

HITHSAKT . ReRR R 52 E B R R BOR F, Rl ER 2 PR W, XRET RE e
WL LS. SRT, ECRAFER S E B, R A A B B SR S KB, AR5 K 4 RN AT
MIA RN A3 2 58, PRIt 75 e, ae R 2145

3.1.3. IhG

AT E E B LR A ), P BT e B, Had REmT B N BUR LA P BR:
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i UG 5, EERE UM A, s — N YT . XA PU AT R I T AR RATT R
BR AR e P ) SN

THE DM R KM, WS ZRIFRR, B RRAEE T ER &SRR K.

N SRR e B R DU TR &I ARN ) B & e 3, R RIAHN ARG R |7 B
R AN mHR VUL ABCD &—/ M4 IUiA%, 44 AB-CD+BC-AD>AC-BD, #ix4
ARG S IH K ER R K.

fiEANGER: R B € AR AL, 56 A%, Ml s T .

WSO ANV A WA TER, S5 Mor. Xt PUBm AN TS fE—ANE B, e
I XFC e B SRS 4

PHRASER: BRAMENTEMVEEARN BB ZL, [JERANER. X ER—

B S .
32 e ERER=ALIHINA
3.2.1. BI=

(L7578 2022 JE@EE a8 —UoaE M EMR) k7, SR AN #IYa % ABCD 1, AB =7, BC =
24, CD =20, LADC:%,DMBDQ%?gdw

Figure 7. Example 3
7. 6=

(—) AR
H%EEW%MQ%AKD¢,4Nx=g,%u4mm=g;

H 2 i € #2145 AC = 25, AD = 15;
AB’ +AD’ -BD’ _274-BD’

fEAABD 1, Hicos/BAD =

2AB.AD 210
2 2 nn? _RA2

{EACBD 1, Hicos,BCD=2C +CD"—BD" _976-BD"
2BC.CD 960

K4 #BAD + /BCD=n, firbhcosZBAD =-cosZBCD, I

274—BD? _ 274-BD?
210 210

fi#13 BD = 20,
XA BD N=f—%id, Bl BD=20.
() Fo8h%s g PR AR
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BRI 9 e [ P 422 DU ABCD LADng, ﬁﬁLJAABC:g

P2 % 2 #45 AC = 25, AD = 15;
¥t H) % E 4G AB-CD+BC-AD=AC-BD , ftA%#iss
7x20+24x15=25BD

fi#153 BD = 20,

BVE: XIEBHE T, WSR-S, TR R L e BRI A B AN BT, R A AR5
8 EONAH OB 5 R R iR, XA FE A TSR AR oK, Al Re el 5 B 2 It e SR, i
T H s B e — A RN B DU IA TR S O, FRATTAT DL B2 AT 8 % 2 BEORCR A, 8 T BB
R RE, I HAERS P b fg 45 1, AT i s o
3.2.2. M

(M 2021 JEm = 4 ABE) s 8, fEFmlUifz ABCD #, «BCD = 24BAD = 120°, 3AB =
4AD, BD=+13, £ABC=90°, | CD Z&TF£/?

£ B A

C

Figure 8. Example 4
8. 5

#EK AB. DC & T 1 E;

# AB = 4x, AD =3x;

H2BCD = 22/BAD = 120°, 2ABC = 90°;

n#42BAD = 60°, £ADC =90°;

A2 H VY3217 ABCD (B 2H A 1 43 sl BLAN AT 0 DY 327 ABCD A4 (8] A 422 VU3 %
FEAADE 1, AD=3x, «BAD =60, @it M it 15

23 43 53 24/39

X, EC: X, CD: X, AC:—X;
3 3 3 3

AE=6x, BE=2x, BC=

Hit#% © A AB-CD+BC-AD=AC-BD , fAAHIE15:

X'5\/§X+2\/§X'3=2\/@X'2\/ﬁ

4
3 3 3
B3 x =2,
sk op = 2V3, 1043
3 3
3.23. R

(2021 HryL BT ilR) bk 9 A, #E°FimPUilJE ABCD #, ABLBD, AB=BD, BC=CD, AD=2,
fEAABC H1, 1 A, B, CHIXNIASHINa, b, ¢, #c?=2abcosC, MIAACD BT NE /1?2
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Figure 9. Example 5
Elo #lE

Hi ABLBD, AB=BD 43 AD=~/2c ;
a’+b?-c®

2ab '
B C R ¢ = 2abcosC H AN1F a® +b? = 2¢?;
fEAACD H1, BC=CD=a, 4%H CD?+AC?=AD?, JifLLAACD NHEf=M%;
A HIAABC S5AACD #4449 AD HIELA =K, BENIYAE ABCD A8 A 4200 E
it &4 AB-CD+BC-AD=AC-BD , fRAIEE

ac ++/2ac =hc

fEAABC 1, cosZACB=

ifﬁ?%tljb=(\/§+l)a;
#EAACD 1, CD?+AC? = AD?, Eﬂa2+[(\/§+1)a]z=4;
Rt a=N2-v2, Mab=(V2+1]N2-V2 ;

2

Saaco :%ab:%(ﬁ+l)'(2—\/§)=

NI

3.2.4. IhgE
fiff =TI RN, FRATT AT Dhd i A i — AN SR8 E EAE G VU, R SRR SR R %
R, BSHERMRERI . DUT 2= AT i) 8 — P BR
e AR AR R R: M =M CRmdK. MESGMFEMS, DURTRERMBRCR.
e A A VYA % AR S0 &, Uk B DY % 9 [ A 422 DY 3 %
N A E B KT B A SR BRE YA T b, B3 —A 0 T OAFR A E R TR
TR PIHERIK RS, MR A ERE.
PR AL R KRB MERN R BB %, [RBRANSR. X RFEEdE NS

1R
3.3. £ EBEEHEZ PN A
3.3.1. 7

2
(2011 F4EEBIAES 21 ) 10, S50 O ANFRIE S, F MR C: x2 +y?=1?:'E y 1 IE 2= F
b, i F HARA 2 MELI 5 CT AL BH A, /A Pifi/E OA+OB+0P=0.,
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(1) iEW: mPAEC ks
(2) W PRTH OMIXFAAQ, IEM: AL P. By Q IUsifER [ L.

Figure 10. Example 6
& 10. 75

lEBEJ‘iiF% (1) i A(Xl, Y1)’ B(Xz, yz), P(Xg, }/3)
ST FO, 1), AARELE L y=—V2x+1:

2 Y

Bl T2 =1 12 4x2 - 242x-1=0;
y=—\/§x+l

a8 18], o o 15

tHT OA+0OB+0P=0;
=0
ﬁﬁuﬂa{xl+)(2+x3 EW%P(—Q,—lJ;
YitY,+Y;=0 2
N MR TR, Bt S PAEC L

() HQQ)I Q{%,l}

BP|:§\/6—\/§ , BQ|:%\/6+\/§, |AQ|:£\/6—x/§ ,

L AT SR |AP|:§J6+«/§, >

3? PQ|=6.

FRONELAR & B AL |AP|-|BQ|+|AQ) - |BP|=|AB|-|AB] -
DRItk AT 8 B E B AT A5 AL Py By Q AR Lo

3.3.2. IhNGS
o E HAAE R AE &P P R BB L RINGE . XA . ZEEie s, Dbt A2

A8~

’

b, ATHFHES AR FREAEER SRR, MERDL L, EAITHEER. BERMERRpx
Fo KT, FEB)E E BLAE AR ok [ Hh 2 (0 LA R b 3R A A I TR . 7 N SR R E EA R [
A 2 1 U, AT LR DU 2D SR AT [6] -
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B e IR SRAL . BRIABITES I RE J f) L ot 24 2R 20, SR IR XLt 20 2 A 2 -

PUINERIE R TE MBS HEEEE, FlanEhh, Fam. FaZhrRR. BRKES.

G FT PR E BN ARIE ISR, R L IR R e BN . BRI L X i 2k s
Mgk, N FIAH SR E B

ST AN EBEITRE, R TS H T R

RIEARFIE: FIHESLIIRE, SRR SEEGRA, BER AT H R R,

BAES M SEROHE)E, WIS BT RGN R, AT L B TR A .

3.4. FE#hE EIEAESCPREE PR~ A

3.4.1. it

) ERIE — SR, 75208 BRI 70 2 AW DU TR X, DLRA DR R a2
LA DY) B3R AN F A B, T AR B804 i BRI UF I 28 X ) 11t

Ol — A EAEIL X ABCD, HiiK N AB=12 2K, BC=16 2k, CD=20 %k, DA=
18 =K. XMLk AC K FER 25 =K, Xk BD HIKEN 22 =K.

KA. (FRFCEI % e 47 I8E: AC-BD=AB-CD+AD-BC .

RANCHEIE: 25x22=12x20+18x16, 73550~ 240+ 288=528 .

BN LT AL, AAEERUNY 2 R RSB EaL T, (R r] RE G 22— 2D RO B,
DAB R AL A 1) 8 S LA

3.4.2. Ihgs

FEI % 7 BRAE SR 0] R0 Hh (1) 8L R 3 G A (5] P 42 DU 3 T B s R oK RE T . e R AE ikl
WUBE 1) 325 30 A b B S 00 o, B30 s R AR R 8 35 Bh IS e AR A e v, ORARHE P HE R It A0 A 2R . JE T
XS R N B, AR DUE BIFE8 % 8 B R T3 oh 8, M2 s be i) @i e b 19H ) T R
FESEERIL R Hh, Rt b 0 2 RN B B [ E L, DA DR T AN o i R TR 2

4. BEE

FOM e BEAE e P O B B FDGE  S AEAE AAT LARTAT [ 4 ot 22 S iR R AR A L B AR
HeAHE S AL 0, 2 A2 mT DUSE o R R T 30 g B A Lo SO i, [R5 SR AR AT M2 B8
HEAR R o) R R RE I [7] B FEHNE E PR NI SEGY, A AR RERE IR LT BT R O R, B SR ok
SR EIRE ST o A RIOR A, FE8h e BRAE iy e P I RS A DGR B A RR I RFE ], SR IR
LR GIZ IR I GIHTRE I E B4 . IR AT FUIL S e B, FRATTRE WS S A b B A HLAE v
HeEh RN . X —E EAMUAOE — MU TR, SRR A 5 B 4E MU o ) B RE ) O 2%
IEE S AR AT )L D[ 2 S8 R G TR A SE B e AL, 22 A T DA UM 52 BT e B S, s
A RE NS T B A5 M RO A AR LA Rl R, XA BT SR AR AR R USSR S A A RS, ORI 1
AR A BLE T R SE A B Al . RO, FRATT AT BLHE— PR R 0 0 5 B 1) I T RN 38 380 S B
it A R IR IR IR I RE T R

S E 3k
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