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Abstract

In this paper “the plane bifilar pendulum model” is proposed to study vibration of a suspension
footbridge under crowd excitation. We use a plane bifilar pendulum to describe a suspension
bridge by considering its structural features, which consists of two strings and a central rigid body
representing the cables and deck of the footbridge, respectively. In addition, the vertical and lat-
eral forces exerted by crowd on the deck both are considered to be harmonic with constant am-
plitudes. According to Lagrange method, we found that the dynamic behavior of the suspension
footbridge under crowd-induced excitation can be described by a Hill equation. The solution and
its stability of the plane pendulum model are theoretically analyzed based on the perturbation
method, the correctness of which is verified by numerical simulations. By applying the analytical
results to the London Millennium Bridge, we can easily explain the occurrence of excessive lateral
vibration with 0.48 and 0.96 Hz and the “lock-in” phenomenon. Our research suggests that struc-
tural features of a suspension footbridge should not be ignored in the investigation of the pede-
strian-footbridge interaction.
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Figure 1. The plane bifilar pendulum model
B 1. FENKIEER
[2L, +2L, cos 6, — L, cos (6, - 6,) — L, cos (6, + 6, )]2 + L[ sin(6, - 6,)—sin(6, + 6, )]2 =(2L)*. (1)

Q)T 6, WK 6, R EORN 0, K G, 1
dg, 2(L,cos6,+L,)sin(6,+6,)-p
46, 2(L cosd, +L,)sin(6, - 6,) - p

) 2

Hrh p=Lsin(26,+6,-6,).
MRS R o 0 C HIARAR T LLS R

_ XX, _ ity
Xe = 5 et

Hrp,
x =L cos(6,+6,),x,=2(L cos6, +L,)—L, cos(6,-6,),

v =Lsin(6,+6), y,=Lsin(6,-6,).
L C RGN 6, W 6, BLiZ &2
sin0. = L, (sin(6, - 6,) —sin (6, +6,))/(2L, ).

FHEDRE R RSB REA B RE R LLE
TR IR .
T =m(i2 +52)+ 3902 =< (R (0.0,)+ J.P,(6.6,)) 7.
3

2

V=-mgy.=- [sin(90+01)+sin(00—92)},

DOI: 10.12677/hjce.2019.81010 72 T ARTHE


https://doi.org/10.12677/hjce.2019.81010

WKE F

Soh < FIRRI (RS, J, RO SE, IFH
R(6,0,) Lf[u(‘”} ~2c05(20,+, - e)d‘9]
4| 4o da

5.(6.6,)= L,sin(26, +6,-6,) ’
P 2 (L, cos 6, + Ly )sin (6, — 6, )~ Ly sin (26, + 6, - 6,) |

BH#E(3), RSt Lagrange AT LLS N L =T -V . ¥4 N Lagrange /712, 7] LA1F3]

6,+m(6.6.6,)=0, (4)
Hrp
OP._ 0P d6, P, 0P, d6,
(0 » _{m[691+602 d91j+J [69 26, 46 H mgL{cos(@0+9) cos(6, g)dﬁ}
6.6, 2[mE(6,,6,)+J.P,(6,.6,)] - 2[mEB(6,6,)+J.P(6.6,)]
O REK" N, M=MAHB0=0,+0,+0,, I
F, (t)L{cos(@o +6,)—cos(6, —6’2)% F,(t)L, {Sin(ﬁ0 +6,)+sin(6, -0 )3‘: }
— 1] —_
o= 2[mR(6,,6,)+J:P,(6,6,)] O 2[mR(6,.6,)+J.P(6,6,)]
2 2
CLL{sin(QOJrH)Jrsm(H e)dﬁ . CVL{COS(QOJrH) cos (6, H)de} .
O =— 6, - 6
: 4[mPR(6,0,)+J.P,(6,.6,)] : 4[mP,(6,,0,)+J.P,(6,.6,)] :
C,.P(6,.6,)

- 6.
mh (91’92)+JCP2 (91392) 1

0, =6, =0 BIRERGAN T E. F5E 6, 1R/, RAE 0 MR RN . FAETHEAE
B2tk qib, w1

6, +2a,0, +(a, + a;F, (1) + a,F, ()0, = aF, (1), 5)
Horp
16 Lysin” 6, +C,_cos” 6, mg(L2 +1, cos’ 90)(L2 +1,— L cos, )
“73 mL, sin® 6, +J . cos’ 6, 2T mL L, sin® 6, (L, + L, = L, cos 8, )’ +J L, L, sin 6, cos 6,
_ Lycos,(L,+L,cosb,) ~ L, (Lz + L, cos’ 90) ~ L sin6,

oy = 2 2 2 Ay = . 2 .2 2 s =~ 2 «in? 2 ’
Ll(mL2 sin” g, +J - cos 90) L sm490(mL2 sin” 6, + J . cos 490) Ll(mL2 sin” 6, +J cos 490)

ESCE AR RS BAREIEN 0 » WEG) T2 a,,,=0, AIFF a)=\/a72 o MG,=n/21, B
FIRMW N a):M o IR R RNAAR B I T7 FE(5) 2 IR
AT PRI B 1 F, (1) AR g F, () SR FA SCHRIOTEE UL (T il Rk =,
F(t)=Aa,gm, (x)cos(Qt),i=V,L,

Horp 2 RMr AT NIFBAT & MBI B, my, (x) R FEREAT NIRRT 10 R E L, o R3hH
BT, grRENINEE, Q, RITTENMTESR. BRI EHF MRG0, & F, ()0

DOI: 10.12677/hjce.2019.81010 73 T ARTHE


https://doi.org/10.12677/hjce.2019.81010

CISZ

Tk A N(GS), HEBABEHATIRE c=Q,t, S)FTULEN
6, +2&6, +(v—gcosT —ncos(2r))6, = ke cos, (6)

Horp <7 FORXMIE R T, H
L,sin’ 6,

o @ ada,gm,(x)  ada,gm,(X)
L,+Lcos’ 8,

&= v= = &= = _ Y K=
QL’ Qi Qi, Qi ’77 ’ﬂ QL’

FEO)FHINEH O, ()= y(t), (O)FTLAFH
j}+(5—://(r))y:/<gcosr, 7

Hers=0-&, y(r)=¢gcost+ncos(27) .
(7)72 2 IRBTERER Hill 718, HG)M6) AT A, S8 e M #Z/NSE AT 8 (7) B AR

3. PENEREH S IEHIER
A4 3 (7) AT T AR

V=Y HEY ANV +E Yy 1 Yy FENY oo (8)
QYT N(T), FH4 e Ml B ZEH AN 0, LIS 3T 755K
Vo +0y, =0,
j511+5y”=(/c—y0)cosz', 9)

Vit 0y ==Y, 005(22').
A — s T LS N
Yo =aCOS(\/gZ)+bsin(\/gt)

Horh g A1 b 52 BTHUR TAMAR KA RFH K LA ORI, JFS B e rriE g
Vi ;(_53/2 +\/g—g-k%j(acos(\/gr—r)+bsin(«/§r—z’))

T 457 —55+1
(10)

+[53/2 _\/5_§+%)(acos(\/§r+r)+bsin(x/gz'+r)+(4§—1)/€cosr)

1
T 8(5-1)

(-(JE +1)(acos(\57 —27) + bsin(V87 - 2¢) )+ (V5 ~1)(acos (57 + 27) + bsin (V5 + 21))).

BAR, B =1/4Ms=1110), (ID)EAHFM. TEXRHANILIR S, 6F(7)FEAT B EEUE T 5 F A
(10), (1) LA, G55 BoRAE 2 h. [ 2 R IIRAT 45 SR IEH 0 B4R O i e S0, tn R FE/NHJE, 5=1/4
BT N 2D A0 i 1) IRAEZR 1) 2 %5 & =1 BWREAT A0 i 25 SR04 P 000 1) 1 R A3 2 AH
. N4 6 — /4,1 (D IIfRRR e .

4. FEHNEERGHREME S

WER (BRI —A S, M U RARER . X —TATHE § > /4,18 5 —e ZHCF I ER) 75 5
Z (transition curves)/iAi. HR4E Floquet Bit, fE4r H 4 LA A, JFBE BN T =2r/Q, B
T =4n/Q, o KFFBHE N AN BIATEE ] REtHIAE 6 > 1/4,1 1.

Vi
(1

DOI: 10.12677/hjce.2019.81010 74 T ARTHE


https://doi.org/10.12677/hjce.2019.81010

WKE F

----- analytical solution numerical solution | - *--" analytical solution numerical solution |
0.03
0.010 0.02
0.005 0.01
A 0
0
() »(®)
\ -0.01
-0.005
-0.02
-0.010
-0.03
-0.015
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Time (Sec) Time (Sec)
(@ 0=03, £¢=001, =01, x=-05 b) 6=03, ¢=0.02, =02, k=-0.5

Figure 2. Comparison between the first order analytical solution (---dot line) and the numerical solution (— solid line)
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Figure 3. Transition curves of Eq. (7) inthe & —& parameter plane for « =-0.5
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