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Abstract

Focusing on the idea magnetohydrodynamic (MHD) equations, this paper presents an entropy-con-
sistent scheme based on the MUSCL-Hancock method for solving MHD equations, termed the Entropy
Consistent MUSCL-Hancock (EC-MHM) scheme, and thus achieving a high-resolution entropy-
consistent formulation for solving ideal MHD equations. This scheme exhibits high accuracy in
smooth regions of the solution and effectively controls dissipation in discontinuous zones, leading to
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an improvement in the smearing phenomenon and efficiently preventing the emergence of non-
physical oscillations. The convergence of the entropy consistent scheme is also proved. The ideal
MHD equations are numerically simulated by entropy stable scheme, entropy consistent scheme and
the new high resolution entropy consistent scheme. The results show that the new scheme can ac-
curately capture the structure of the solution, and has the characteristics of no oscillation, high res-
olution and robustness.
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1. 51§

gAK5) 71 %+ (Magnetohydrodynamics, MHD) &4 48 SR IA 5 2 A BN ) 5 BT iR ake, BER e
TAARFIRESS 2 R AR AR AT IR A — T 1R W R T B TR B2 . 2 R Rk
WA B REAEE SE A . BAR MHD R A2 A 0t B 5 72, AR L AR IE 450 5 iRt A ) 5 05 2
A8k, DRI AT IR Uit B sy e A3 7 AR 2 I EUE SR AR 7 1A HET AT MHD 5 R B E SR A 4, DA3R
1R AR B AR RERAR BN )12 T R = R I AUE 7 i

PR SRR R, M7 —ER—NEZENE, EEMRIORRE KIS R A, HIEE
WA (R X oA B BG In G AR RS v R D ek, BIRFERK), BE b RIE R ARSI T 47
IR T e — AR EE PR . Lax 7£ 1954 e 7 99 RIMES[L], AVFRIMTARAECE, RTS8 M A
—o BEJE SAESCHR[2] R4 AR e 25 10, JFUERA 19 2 AR 8 25 A1 Cauchy  [n) R PR HIAE R ALEAT AT IS %21
Me— HHAAY 3 . 1987 4, Tadmor [3]#4i& [ —K ZFrifi~r sk =0, [R5 tH— PR i =L EUE
FPEI T, B P s fE A a0 B 2 A = p s SR R RRE 1. 2006 4, Roe [4]42 H7E A <1 fEA%
A EAR I Roe A sUIEUE R I, 53] T — Motk 2. kg Aok B A R IR 8CR .
AR, BEWNSNRRE T — R5KE MHD J7 2 BUE 7774 [5]-[8], (RAE A ite e i SRR T IEIRD . B
% 2016 4F, Winters 25[9]#2 H T —Fh4E %t A MHD 5 BRI SFIEIE &, FEINGE 4 I FERUE R AL
Ko SR ZAE 2O T (] B A BE ORI AN AR, B A — .

Van Leer $&H 1] MUSCL £4f #4475 75 [ 101 & RO Hh s FE A R2 1 — s J7ik, 81 MUSCL £l
HERR T2, W MUSCL-Hancock 7572, | X% n) i AR BRI ook U8 2021 4F,
fE3E. EERBI[LL]3R T —Fh L MUSCL %88 A NSRRI AR IR 85 7778, A 8o s 7 0AH 2% 2Rk
FER G He; 2 Ja IR IR [L2) R %R 2 R3S, SRAG T — PR A AR R B 7 2 T R 0 v 2 R e A 25
Wee AT BRI FURIAR AR R, FIF MUSCL-Hancock 77 K3 — R i 1) 707 1) _E 4 BB — ke s>
e a2, BUE SRR I R A TR | moks B AR G M 55 RAFRHIE I LR i i AR

2. =4 IBEBIRIESIHESTRE
2.1 —HIBRBEHREIIHESLTE

WAk 501 71 (Magnetohydrodynamics, MHD) 77 2 /& 18 i i 4 77 2% 7 1) Navier-Stokes 77 F2 il HL 5l 77 2%
Hf Maxwell 7 FERE G RL, 5 esFiEA T 0y
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P~ P AR E AL ST, u=(u,v,w) NREEER R, B=(B,B,,B,) MK MERE, pe
FonianeE, Rl

pe=—L s L 431 ®

Ky ML, B[ =B2+ B2+ B2 . X THAL MHD JifEifi s, — MNFSMITEEIE 4V B=0 73
Wb i, 75 WAEHEAT BB BT 25 IR AR [13]: X T B=(B,,B,,B,), JUHYEHUE MBI
DA 73 (A8 & x AT, MGHEA 0B, /ox =0 Bor, B B A 4.

JiRE(1)¥ Jacobi K[ OF /U FIAFAEME R GE/E SCHR[14] A VEAIARUA : A& — SR IR, B A
Ap=Us —%ME, BOEN A =u . FIKRI, BEON A, =uxc s BB, WHEN A =utc: H
7% Alfvén %, HHE N A, =utc,, HH

2 2 2)\? 2
SRLAP (L iJ[w;an [ o) 0

52 %N Jacobi Hi R AT REAE ] SR N
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K b=(b,b,b)=B/Jp, a®=yp/p-

*E?EIﬁk[S]EI’JIEm A DU I SO R I8 R RO A B A, A R R SR B BUE A% =
FEARAE[3] [4] [17]109 3R, ERSsPEAE R 2Eat b, &2 E—e EMEEFER, B8 B fs e ik,
T B2 A M A ADLIX S P I R (3]« [RLUEL, 9 7 J7 8 —4E MHD J7 R AH 2 X it , A1 6 —4E MHD
JrRE R R A ok R R A B AT E .

2SN BRAE (U) = —ps/(r 1) » BEEREHQ(U)=—pus/(y-1) . HA#Eis=In(p)-yIn(p).
FHBE A B v A o A

2
vop(uy=| =S 2l pu pv pw _p pBy pB; pB; ©)
V- 2p p p p PP p
p(v)=v-F-Q pU+pu"B" PB(u-B) @)

22. IBREFH

MR F R R FREHN S EZ —, HYHER L EZFRIEENEE. 0T EERS
W, YRS, TEEA R PREEAE, FMONBSTE: (HS I MR, R Bn, AT S
TR A EUE R 2 BBV R, DRI 5 B0 B AT FE . a0 SRR FE B0 R R i AT 2640, IARE
Se SRR E I

% (E,Q) AN "1 H A R M — 4T, A (Q)RPH R E (V) 35

E(U),+E'(U) F'(U)u, =0, (®)
WRQ(U) =E'(U) F'(U), A
E(U),+Q(U) =0, ©)

FATFRO) A
AR AR, AT, RS O) A FROL. ik, IATA SRR, H5 U T
RETERLA 0000 <R R [12] -

Uf+F(U°) =aUy, (10)

IR BR A% o B (E,Q) it~y E A 7 AR (L) A — 2RI, 3oF 77 5 (L.0) Py 8 i i) e/ 3f E’(US)T, H1 T B
HE(U) AR E[15] 7T LAAF 3«

E(U), +Q(U7), = eB/(U7)Ug

:g(E(Ug)xx—(Uf)TE"(U")Uf), (11)
S‘S‘E(Ug))(x
Me—> 0, FREAER
E(U),+Q(U), <0, (12)

BATHR LBAEA R e %A
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3. AR

3.1. HHEERRX
REsErERE S, RIORFRERAAE, 78 SRS oL R i B B & X
d 1
ax E (Ui (t)) +§(Qi+1/2 -Qiy ) =0, (13)
ﬁ¢,EWﬁ»%&W%@ﬁ,%MﬁEﬁﬁiﬁﬁﬂ?ﬁﬁmﬁﬁ%ﬁiﬁﬁﬁh2m5$,Wmm
SF[16]4F Tadmor & Hi (IR B 7 fiff o A g vk 2kt b, @it 5| A28 &
Z=[zl,zz,..-,zg]={\/%,\/%u,\/%v,\/%w,\/p_p,Bl,BZ,BS}, (14)
A1 1smail 2324
L2 B s A o Rt

Pelialn ey R e

: (15)

Foy =
i+1/2 A oA ~n " " " "
07+ )+ 0, (B + B ) - B, (9,8, +W,B, )

_(')i+1+(°)i In (')m—(')i

S e L A T T
F T Euler 77 W fRAE B8 1 S B) 7= A8 455 B MR R ) 37 7 2R AR B [17], S ST RS UTE S Ab 2 B A
PRI G R 75 B v AR e A BB AR =0 1 2 RIS HE 3 HE AR RO 205 1E A5 <P fE A% =,
AR R AR e R U — PR ERAS TE, BRI A3 3] Ismail A1 Roe & CHIMRAH 2% 20171,

BRIV J05 1 it T SERS B ) A e g A =X
X TR SPER T FR AR, IR RRIR AR
U=(1-&)U,+&0,,, 0<&<1,

(16)
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ﬂ%iﬁ%ﬁZﬁ%ﬁ%§lJi%DZE%ﬁ%§lJHlﬁT FRAE 5 SR IS 7 A B R RS [ 17109«
E = [v]|+1/2j (24‘: 1) RAR™ ldé[u ]|+ZI/2 ! (17)

RAVRE, FiERIEN, WE>0. MTHERyv=E'(U)LE NE, NG

[v]m/z = E”(g)[u ]i+1/2 ' (18)
A EN(E)>0, EW[v], M[U],,, BAARI O IE S, A ML € >0, P ke i

[}(26-1)RARGE HIE REbE, At st i RS

E= [V].M (19)

i+12"’

j (2£-1) RAR’ld.f‘[U]

HXH N R BB FE R

DE = 1 “(26-1) RAR'ldf‘[U] (20)

i+1/2’
FEH SRR, TR ,%\j 26 -1)RARMEWHE R AT S, AT REHS, {41 Gauss-
Legendre 73 A X ATIEAL, 153

n

DEP — Zwk(ZS ~1)A(SU,,, +(1-S,)U;)R

1
2 |+1/2 |+1/2 [U ]|+1/2 ! (21)
H

He s Zmin, o /5mli s R, BAFSXEA[0,1] . B FHRATRHA = Gauss-
Legendre #73A b A7 R4, BRI

1 415 1 5 8

Sy=—t 2 S, =, @L=2, @,=—. (22)
=2 10 2 © 9 9
FERMARLAR MHD J7 A2 AR b, RS FERI D= Vi 29548 58 hs XU B E 4]
ES C 1
F|+l/2 F|+1/2 2 |+1I/2|A|R|+1I/2 ]|+1/2’ (23)
e, NI A R (R R FE HICR IR R 1S, 4521 —Fh MHD 7572 FR8 (AR AH 254 3 ) B E i
. 1
F|+1C/2 'ZISI/Z 2Ri+1/2[ k_l)A( ( ))] I+1/2[ ]|+1/2’ (24)

X, RPEER A AR R

A =diag (0, —c;, 0, —c,, 0, —¢,, 0, G, 0, + ¢, G +¢,,0, +¢ ). (25)

),&MEEZHEWE%EQEE

|A|= diag (|G, — ¢, |, |6, — ¢, |6, — ¢, |.|a . |a . |a, + c.] |&,

B, R, A Ry, M.
3.2. AR EMILIE

B eI AR TS B 22 404 s R e B 3.1
SEHE 3.1 [3] A5 F MARBMEERF, ), (U, U,,,) KT U, U, Lipschits &4, MA—EfAE—A
/%EE[EF‘ K|+1/2 'fﬁ{%‘ i+1/2 TU\ %E/EﬁDFﬁ/ﬁ
1

Fz = 2(F(U)+F (U.)) -3

o1 BB B A, Sp AR e U S s & RS,

a +Cf

Ki+]/2 (Ui+1 -U; ) (26)
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Fye =5 (F (U)+F (Ui) 5 Ko (U -Uy). @)

o, Ky 725 MR L AR A ER P A
REFR 3.2 J AR 7 2 AL AR E 2 A
UER: ASCrR SR AR A% AU SRR = mihg o, DRI AT A% K A A3 T DA D A R P Y
A
1

= 2(F(U)+F (Un) - 2K (U0, 9

Hp K, = Koy + Rm( +U01(2§—1)A(U (é))df‘) Ri, - i Barth 76 SCHR[18] FHEHI I U, ~ RRT,
v R V=E'(U), (28):ATLA5 N

RS = 2(F(U)+F (U)) SREa (0 w), @)

Ai+1/2

Ai+1/2

Hrp Kiif/z = Ki(i1/2 + Ri+1/2( +‘I:(2§_1)A(U (‘5))d§‘) RiT+J/2 °

+U:(2§—1)A(U (g))dg‘)wa2 SVUECE

é\ PEC — K.EC KC

i+1/2 iv1/2 ~ W2 = Ri+]/2 ( Ai+]/2

(Vi+1 -V )iT+1/2 Pnflc/z (Vi+l -V )

T

= (=9 g R [ [ (2 - AU ()82 | R (v ). @0
= (Rl (=)' ([Avae] [ 2 -0 A (U () 82| Ry (v )
RAVRE, RT, AR, (v, -v) WIEEME, |A, jol(zg—l)A(U(g))dg‘%Xﬂ‘ﬁ%%ﬁlﬁﬁo
R, 1 R0) AT LIRS (v, —v,) L PES, (Via —v,)> 0, tHaER

i+12 " i+12
T

(Vi+1 -V )i+1/2 KiE(]:/Z (Vi+1 -V ) > (Vi+1 -V )iT+1/2 Kii]/z (Vi+l -V ) s SRR TN A A% X B < e 2N 5 B 2 AL
fERGME . HEEE 3.1 "4, AR = e i Re e 241 .

4. EF MUSCL-Hancock FiERIEHEBRR

KH MUSCL-Hancock 7732 [12 R ¥ T —if A 2 e, 2 —MessudfE. HEdEaT:
H—D. fEt, EFH MUSCL M E, BV, (X) FERIC AL 72 A RBRIE, TER[12], 4553

A +

i+1/2

Ai+l/2

A +

%UiL’ UiR;
b MR BRI FAMEE UL, USRI, B BN 3 S
L L 1 At R L TR R 1 At R L
0' =u, _Eﬂ[f(u‘ )-f (U] OF =y, _Eﬂ[f(u‘ )-f(u)]. (31)

=00 MR LR A, 5 i A S E E R,

ga’k (Zsk _1)K(U(Sk))

EC-MHM — C
F -F

412 412 _% F_{i+1/2 (|1_\| +

JR%0)..0 @)
Hrp “o” REMEREUE.
B R RS R AE R FES MM LR R

n+1 n At EC-MHM EC-MHM
Uit =uf - (RS -R5"™), (33)
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ST €, 2 BT ME . BATHER U (B3) PR i 70 HE AR 7 3
SKEREA LR A P IE AR B U o R Ac e, [

[p,pu, pv, pw, pe, B,,B,,B,] = [p,u,v,w, p,B,,B,,B,], (34)
Xf AR BT LRI A, EMSERE, KRR, KA R AR R AN B
BEAT VR, AT 153 2 B w2 e 1 AR 25 A% =X
5. BEHBH

SRR E R 2U(ES) (BEm B R A N(23)), MM BHE(EC) (BUEE &R IA X N (24) AlE 20
I A% R (EC-MHM) (B %18 20 20(32)) BEAT BB AR, X b 156 1 =P 200 2R B0 . BR 5491 5.1.
A 5.5 4ETHFLIS K A M AR A, HAMBUE SR Neumann 1075614, Ref RESHMR,
FHIEEX 5000 3450 MRS ) fi A E 1% 201911 A5 2 .

5.1. —4#EYEF Alfvén 3 a8

T Alfvén 50128 % R THSEC AR MHD 7 RERUEAS SCRIRS I - A SO 18 — BRSO T 16 Alfvén

0N AR 1) R
p(x,0)=1, u(x,0)=0, v(x,0)=0.1sin(2nx), w(x,0)=1, p(x,0)=0.1, B,(x,0)=1
B, (x,0)=v(x,0), B,(x,0)=0.1cos(2nx).
S IR R -

p(xt)=1, u(x,t)=0, v(x,t)=01sin(2n(x+t)), w(x,t)=1, p(xt)=0.1, B (xt)=1,
B, (x,t)=V(x.t), By(x,t)=0.1cos(2m(x+t)).
TETHEI R R BT T 5, THEIX RN [0,1] , Zathda%iy =5/3 .
AR 1R T EAZE B3 t = 5B Z A [F IS SR AR 2 v FEUE 3R 22 DA UGS . e 1 458K
F, EC-MHM #57E LY L2 Y020 ORISR i =P, A ok R

Table 1. LY, L2errorsinvat t=5 and corresponding convergence rates for different mesh numbers

F 1L t=5HAEIMEHT vAEI LY, L2IREARISR A

W AL Ly e S L2 i3k e Uy
25 3.6000¢—2 - 1.3900e-2 -
50 7.7500e-3 2.2157 2.4365¢-3 25122
100 1.6518¢-3 2.2302 4.1581e—4 2.5508
200 3.5292¢—4 2.2266 6.5096¢—5 2.6753
400 6.8964e—5 2.3554 1.1032¢-5 2.5609
800 1.2976¢-5 2.4100 1.7013e-6 2.6970

5.2. Brio-Wu BUE & a] &R
ZHITFEARA) (2), EIFEXIEQ=[-11] L4 ey &
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[1,0,0,0,1,0.75,1,0], x<0.5,

u,v,w,p,B,B,,B;[=
Lo P BBy By) {[0.125,0,0,0,0.1,0.75,—1,0], x> 0.5.

Hry =5/3, FRMKEHHN 500, HHEt=012. FHEREGSEHALE 1. ¥ EC-MHM X5 ES
% 20R1 EC A 2T HER, AT R I EC-MHM #% 3% AN 18] W7 #8 BE v R M Fli B2, 5578 10 B T 75 1) 34 76 /N4
W R, PR TR PER . NETRTTE H, ES B3 EC AR I B BAEHUREAHIE, EC-MHM
AT ES k2 S MAERCE /D, BEA SO ImH P IS, k5 T IR PR A Db 4R35, BU(E AR 5E
Wil % fif .
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Figure 1. Calculation results of the Brio-Wu shock tube problem
B 1. Brio-Wu BUK E IR AT ELR
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5.3. Torrihon 3 [o]F

BT NRQ). (2, EHER O =[-115] E4 eI
[30,0,0,1,1.510], x<0;

uv,w,p,B,B,, B;|=
[p.uv, W, p, By, B, By {[1,0,0,0,1,1.5,cos(l.5),sin(l-5)], x> 0.

Hry =5/3, ZEMIEECH 500, THEZEt=04. IFHHESERSRMMAEILIE 2. aTRIEH, M ES #:UF EC
M S, EC-MHM #% R HER LRI M, MR PR B m, [ Eua s R i 2%
fifo BT SVER AR KRR, AR, ES UM EC MaNMFERER 2, M HAUE S AL MW b Tk
PG HE; AR S, EC-MHM b 20T AR FE ez i b T &2, U8 B LU 485 S A O T i i

3 B : . : 0.5 "
N &
28+ e Sowm — —- e
p——— ot
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X X
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\
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< N —
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Figure 2. Calculation results of the Torrihon Riemann problem
[# 2. Torrihon 22 Q)@ EHER
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5.4. Ryu and Jones 22 & [5]fR

BEHRARQ). (2, EHERXRQ=[-L1] RaEpiR
[10,0,0,1,0.7,0,0],  x<0,

,u,v,w, p,B,B,,B;]=
[p P, By, B, 3] {[0_3,0,0,1,0_2,0.7,1,0], x> 0.

Hrpy =2, ZEMEECY 500, iHHEEt=04. HESERSHUMILE 3. MR BNRERE: Mk,
TR ERE . e fh (] T, AR E R AR R B . A5 IRERYT, ES A RITHEEEE A EC MUt B g R
JUTARTE, ERIT AR (5P IS LU ™ 8 s 1T EC-MHM A% 2t 3 A T8 B Jil 41 T e o, 9 ) W BT T 5
(L C N I b . MBS, ES A% 2URT EC 4% M S FEBUORBUH A, EC-MHM #% 201 00
FEHILEL EC A%/, XSRS HI RN G B, ARG T E AP ELR, MO 5 R R Y
T HER AR S S R

5.5. First Rotor [a]§&

THEXIEQ=[0,1]x[01], y=14, iar:\/(x—0.5)2+(y—0.5)2, =01, =0115, u,=2, ¥
URARAE N

p =10, (u,v)=%(—[y—o.5],[x—o.5]), r<m,

p=1+9f, (u,v):%(—[y—o.s],[x—O.S]), f:rrl_r, L<r<t,
0 17

p=1 (uv)=(0,0), r>r,
w=0, p=1 B=5/\4r(10,0)".
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Figure 3. Calculation results of the Ryu and Jones Riemann problem
[ 3. Ryu and Jones 222 al AT B R

LEA B ik F R A R, R 1=0.15, ZEMEECHN 200 x 200, HIBYEHE 17
V415 A 2% AN 4 2 AR A 25k 04 IR T First Rotor [a] BB AR, 1155 45 B = B LA 4
K 5. Hrh Ma=|ul/a FZRDHEL a=yp/p .
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Figure 4. The result of the entropy stable scheme calculation of the First Rotor problem

[#] 4. First Rotor [B]RRHIEFR EFRNITELER

DOI: 10.12677/aam.2024.138369 3882 I Hadt f


https://doi.org/10.12677/aam.2024.138369

sy
S
S
4

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2

0.1

00 01 02 03 04 05 06 07 08 09 1 0

X

@p
1 1
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
>0.5 >0.5
0.4 0.4
03 0.3
02 0.2
0.1 0.1
0 0

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

X X
(c) Ma () B2

Figure 5. The result of the high-resolution entropy consistent scheme calculation of the First Rotor problem
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