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ε2∆gu− V (y)u+Q(y)up = 0, u > 0, u ∈ H1(M)

Ù¥p > 1, ε > 0 v
�§(M, g) ´RN (N ≥ 3) ¥��Ã>.�;�iù6/"b�Γ ´�éu
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Abstract

In this paper, we mainly consider the following nonlinear Schrödinger Equation

ε2∆gu− V (y)u+Q(y)up = 0, u > 0, u ∈ H1(M),

where p > 1, ε > 0 is a small parameter, (M, g) is a compact smooth 2-dimensional

Riemannian manifold without boundary in RN (N ≥ 3). Let Γ be a closed curve,

nondegenerate geodesic relative to the weighted arc length
∫

Γ
V σQ

1
2−σ, where σ =

p+1
p−1
− 1

2
. Under some constraints for V (y) and Q (y), we prove the existence of a

solution uε concentrating along the whole of Γ, exponentially small in ε at any positive

distance from it, provided that ε is small and away from certain critical numbers.
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1. Úó

C
c, ��5Å½��§�8¥y�3 �©�§+�2É'5, äké��ïÄd�. ��

5Å½��§���/ªXe:

− iε∂ψ
∂t

= ε2∆ψ −K(y)ψ + |ψ|p−1
ψ, (x, t) ∈ RN × R, (1)

Ù¥p > 1, �§�7Å)äkψ(t, y) = exp(iλε−1)u(y) /ª. b��Ìu(y) ´��, ¿�3Ã¡�
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?P~�0, Kψ ÷v�§(1) �duu ´Xe�§�):

ε2∆u− V u+ up = 0, u > 0, u ∈ H1(RN ), (2)

ùpV (x) = K(y) + λ. ·�b�V 1w¼ê� inf
y∈RN

V (y) > 0.

3L�A�c, �§(2) �8¥y��2�ïÄ. 3mÿ5ó� [1]¥, Floer ÚWeinstein

�E
�§(2) ��), �p = 3 ÚN = 1 �, 7Å)8¥3V (y) ��òz�.:y0 NC§

¿�3y0 �?Û���	´�êP~�. �O(/`, ¦�y²
uε ��35, ±9uε ∼
V (yo)

1
p−1w(V (yo)

1
2 ε−1(y − y0)), Ù¥w ´e¡�§���)µ

w′′ − w + wp = 0, w > 0, w′(0) = 0, w(±∞) = 0. (3)

��, Nõ�öòù�(J*Ð��p��Ýþ, ¿b�3�«³UÚ��5�^�e§ïÄ

�mþ7Å)3ü:½õ:NC�8¥y�§X [2–8]¤ã.

�?�Ú/, �N = 2 ÚΓ �éu\��¼
∫

Γ
V σ ´·�Ú�òz���, Del Pino,

Kowalczyk ÚWei 3©z [9]¥y²
�ε → 0 ��l,
A½���§(2) �)8¥3�Γ N

C, ¿�3��?Û+�Bε(Γ) 	´�êP~�.

ÉØ© [9]éu, ·�ò3(M, g) þïÄ�k³U¼êQ(y) ���5Å½��§:

− iε∂ψ
∂t

= ε2∆gψ −K(y)ψ +Q(y) |ψ|p−1
ψ, y ∈M, (4)

Ù¥p > 1, (M, g) ´RN (N ≥ 3) ¥��Ã>.�;�iù6/, �§�7Å)äkψ(t, y) =

exp(iλε−1)u(y) /ª. Ón, ·���u(x) ÷v�§

ε2∆gu− V (y)u+Q(y)up = 0, u > 0, u ∈ H1(M). (5)

b�Γ ´iù6/M þ�1w4Ü�±9Ùl��`. ·��Äγ(θ) ´�Γ �k����

g,ëê�§, ùpθ L«�Γ �l�ëê. {ν(θ), γ′(θ)} ´�²¡Tγ(θ)M �IO��Ä, K

�Γ NC�:y �±L«�

y = expγ(θ)(tν(θ)) (6)

�/ª, ùp|t| < δ0, θ ∈ [0, `).

�â©z [3]¥�½Â, Γ �éu\��¼J(Γ) =
∫

Γ
V σQ

1
2−σ ´·�Ú�òz���du

3Γ þ���C©�u0, ±9��C©´�ÛÉ�. �k(θ), K(θ) ©OL«�Γ �Ç, iù6

/M �pdÇ. ��Bå�, V (y), Q(y) ©OP�V (t, θ) �Q(t, θ), :y Uì(6) ½Â�Ñ. Ó�

·�é¼êQ(y) \þ��Qt(0, θ) = 0.

Ï, ��C©�u0 �du

σVt(0, θ) = −k(θ)V (0, θ). (7)

DOI: 10.12677/aam.2024.138375 3938 A^êÆ?Ð

https://doi.org/10.12677/aam.2024.138375


R�ï

��C©´�ÛÉ��du�©�§

h′′ + [σV −1Vθ + (
1

2
− σ)Q−1Qθ]h

′ − [σV −1Vtt + (
1

2
− σ)Q−1Qtt − (σ−1 + 1)k2 −K(θ)]h = 0, (8)

h(0) = h(`), h′(0) = h′(`) (9)

�k").

2. Ì�(J

b�¼êV (y) ÚQ(y) ÷v±e^�:

(a) V (y) ∈ C∞(M) � inf
y∈M

V (y) > 0;

(b) Q(y) ∈ C∞(M) � inf
y∈M

Q(y) > 0;

(c) Qt(0, θ) = 0;

(d) �30 < δ � 1 ¦�

Q(y) ≤ Ceδ|y|.

e¡�Ñ�©�Ì�(Jµ

½n1. M ´RN (N ≥ 3) ¥��Ã>.�;�iù6/. b½Γ ´�éu\��¼∫
Γ

V δQ
1
2−δ

·�Ú�òz��, ¼êV ÷v(a) ±9Q ÷v(b) − (d), ¿��3~êλ∗ > 0, é�½�c > 0,

�3ε0 > 0 ¦é��ε < ε0, ÷vmå^�:

∣∣k2ε2 − λ∗
∣∣ ≥ cε, ∀k ∈ N, (10)

K�§(5) 3�Γ NCäkÛÜ�)uε, éuUì(6) ½Â�y, uε(y) �L�/ª���

uε(y) = (
V (0, θ)

Q(0, θ)
)

1
p−1w(V (0, θ)

1
2
t

ε
)(1 + o(1)). (11)

d	, �3c0 > 0, ¦uε(y) 3�Ûþ÷v

uε(y) ≤ exp(−c0ε
−1dist(y,Γ)).
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3. ý��£

½Â1. (iù6/) �M ´��n �1w61. éz:p ∈M , 3:p ���mTpM þ½Â�

�é¡�½V�5/〈·, ·〉. ù�éA3e�¿Âe´1w�: �3:p NC��I+�U . §��I

´(x1, · · · , xn),± ∂
∂xi
, i = 1, · · · ,m,L«�I����þ. ½Â§�m�SÈ�gij =

〈
∂
∂xi
, ∂
∂xj

〉
.

1w5¿�X¤kgij 3U ¥´1w�. ùÒ3M ¥½Â
Remannian Ýþ, l§¤�
�

�Remannian 61.

·K1. (�êN�) �p ∈ M , �év ∈ Tp(M), expp(v) ´k¿Â�. K�3¿©��δ0 > 0 ,

¦�éu?¿t ∈ (−δ0, δ0), expp(tv)´k½Â�. ¿�γ(t) = expp tv ´ÿ/�, §÷v^�:

γ(0) = p, γ′(0) = v.

5¿, �½p ∈M , K�3ε > 0, ¦�N�expp : Bε(0) ⊂ TpM →M ´Bε(0) �M þ���m

f8m��©Ó�.

Ún1. w ´÷v�§(3) ���), Ke¡�ªð¤á:∫
R
w2dx = 2σ

∫
R
w2
xdx, Ù¥ σ =

p+ 1

p− 1
− 1

2
. (12)

y². Ï�w ÷v(2)ª, ¤±k

w2
x = w2 − 2

p+ 1
wp+1,

= ∫
R
(w2

x +
2

p+ 1
wp+1)dx =

∫
R
w2dx.

é(2)ª�mü>¦þw, ü>È©�2©ÜÈ©���∫
R
(w2

x + w2)dx =

∫
R
wp+1dx.

dþüª��Øwp+1, � ∫
R
w2dx =

p+ 3

p− 1

∫
R
w2
xdx.

y..

4. Ì�(J�y²

Äk, ·��E�§�ÛÜ%C), %C)¥¹k�
�N��ëê¼ê. ò½Â3�Γ NC

�ÛÜCþ(t, θ) .��(s, z) = ε−1 (t, θ), K�§(5) =z�

uzz + uss +B1(u)− V (εs, εz)u+Q(εs, εz)up = 0, (13)
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Ù¥|s| ≤ δ
ε
, u 'uCþz ´±`ε−1 �±Ï�, ,	

B1(u) =

[
1

(1 + εk(εz)s)2 − ε2K(εz)s2 +O(ε3)
− 1

]
uzz

+
εk(εz)(1 + εk(εz)s)− ε2K(εz)s+O(ε3)

(1 + εk(εz)s)2 − ε2K(εz)s2 +O(ε3)
us

− 2ε2k′(εz)(1 + εk(εz)s)s− ε3K ′(εz)s2 +O(ε4)

2 [(1 + εk(εz)s)2 − ε2K(εz)s2 +O(ε3)]
2 uz.

�e5, ·�2g?1CþO�: �½��±` �±Ï�¼êf(θ), -

u(s, z) = α(εz)v(x, z), x = β(εz)(s− f(εz)), (14)

ùp

α(θ) = (
V (0, θ)

Q(0, θ)
)

1
p−1 , β(θ) = V (0, θ)

1
2 .

u´, �§(13) C�

S(v) = B2(v) + β−2vzz + vxx + vp − v = 0. (15)

ùpB2(v) ´���5�©�f, §´dB1 ¥'u#Cþ��¼ê, V (εs, εz) − V (0, εz)

ÚQ (εs, εz) − Q (0, εz) nÜ©|¤. N´wÑ�fB2 �¤k���¹kε ��gÏf. 3#

��IX(x, z) ¥, ·��w(x) ��1�g%C, ��Ø�E0 = S(w) = O(ε). 3~�Ø��c, ·

�°(/��E0 ¥¹kε ��g�

E1 = εβ−1[kwx − β−2Vt(0, εz)xw]− εβ−2Vt(0, εz)fw.

(Ü^�(7) ÚÚn1 í�Ñ ∫ +∞

−∞
E1wx(x)dx = 0.

�âFredholm ½n, Xe�§k��)φ = εw1:

−φxx + φ− pwp−1φ = E1,

∫ +∞

−∞
wxφdx = 0.

w,, S (w + εw1) = O(ε2). �
�E�����%C, ·�I�2Ú?��ëê. ·��Ä��#

�±Ï¼êe(θ) Ú�NC�%C

w = w + εw1 + εe(εz)Z.

ùpZ ´A��¯K

Z ′′ + pwp−1Z − Z = λ0Z, Z ∈ L2 (R)

DOI: 10.12677/aam.2024.138375 3941 A^êÆ?Ð

https://doi.org/10.12677/aam.2024.138375


R�ï

�ÌA�¼ê. ·�ïÄ�§(13) �)äkv = φ+ w /ª. b�(f, e) ����m�

Λ :=

(f, e)

∣∣∣∣∣ ‖f‖a ≡ ‖f‖L∞(0,`) + ‖f ′‖L∞(0,`) + ‖f ′′‖L2(0,`) ≤ ε
1
2 ,

‖e‖b ≡ ε
2 ‖e′′‖L2(0,`) + ε ‖e′‖L2(0,`) + ‖e‖L∞(0,`) ≤ ε

1
2

 . (16)

�Kþ, þãL�ª�k�|x| < 2δε−1 �k¿Â. ,, /Ï�ä¼ê·��±òw Úφ ½Â3�

��/«�S = R × [0, `ε−1]. y�χ (|x| ε−1) ´��1w��ä¼ê, ¿�÷vχ(t) = 1, t < δ,

χ(t) = 0, t > 2δ. e¡ïÄ'uφ �±Ï>.¯K:

L (φ) = χE +N (φ) , φ ∈ H2 (S) . (17)

ùp

L(φ) = β−2φzz + φxx + pwp−1φ− φ+ χB2 (φ) ,

N(φ) = χ
[
(w + φ)p − wp − pwp−1φ

]
.

(18)

�|x| < δε−1 �, þã±Ï>.¯K8(�(13) ª. �,, 3��mþ�§(17) ¿Ø�du��§,

�´$^gluing `z�{�±¦��d( gluing `z�{ë�©z1001[9] ) .

y�ÄXe�ÝK¯K: �½ëê(f, e) ∈ Λ, �3φ ∈ H2(S), c, d ∈ L2(0, `) ¦�

L(φ) = χE +N(φ) + c(εz)χwx + d(εz)χZ φ ∈ H2(S ), (19)

φ(x, 0) = φ(x, `/ε), φz(x, 0) = φz(x, `/ε), −∞ < x < +∞, (20)∫ ∞
−∞

φ(x, z)wx(x)dx =

∫ ∞
−∞

φ(x, z)Z(x)dx = 0, 0 < z <
`

ε
. (21)

ùpE = S(w). ��^�¦��fL 3L2(S) −H2(S) eäk��k.�_. ÏL©ÛØ���

�9/ªÚ$^Ø N��n�, �3D > 0, ¦�éu?¿v
��ε Ú?¿÷v(f, e) ∈ Λ, ¯

K(19), (20) k��)φ = φ(f, e), ¿�‖φ‖H2(S) ≤ Dε
3
2 . ��, ïá'u(f, e) ��§¦�Xêc, d

ð�u0. ù=I©Oé�§(19) ¦þwx ÚZ, 2'uCþx ©ÜÈ©. ©ÜÈ©�, |^φ ���

^�, ·���(c, d) ≡ 0 �du(f, e) ÷vXe/ª:

L1 (f) : ≡ f ′′ + γ1f
′ + γ2f = γ3e+ ε2γ4e

′′ + εM1ε (f, e) , (22)

L2 (e) : ≡ ε2
(
β−2e′′ + γ6e

′)+ λ0e = ε3µγ5e
′′ + εγ7 + ε2M2ε (f, e) . (23)

ùpγi(θ) ´±` �±Ï�1w¼ê. éu(f, e) ∈ Λ, �fM1ε ÚM2ε 3L
2(0, `) þ´��k.�.

d	, �½ε, M1ε ÚM2ε ½Â�;�f. O�γ1(θ) Úγ2(θ), ·�uyγ1(θ), γ2(θ) ©OéA�ª(8)

�>�Xê. Ïd�fL1 3±Ï>.^�e´�_�, ¿�3L2(S) − H2(S) eäkk.�_.

�fL2(e) 3±Ï>.^�e�´�_�: b�λ∗ = λ0
1

4π2

(∫ `
0
V (0, θ)

1
2 dθ

)2

, �â(10) Ú±Ï
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5Sturm-Liouvile �fA���ìC©Û(�ë�©z [10]), �í�Ñ�fL2 ��_5. �O(/

`, éue = L−1
2 (d), e¡�Oª´¤á�:

ε2 ‖e′′‖2 + ε ‖e′‖2 + ‖e‖2 ≤ Cε
−1 ‖d‖2 , ‖e‖∞ ≤ C [‖d‖2 + ‖d′‖2] .

$^ù
�Oª, éu�_�fL1 ÚL2, ·��±�E���¹(16) �ØC«�. �âSchauder Ø

Ä:½n, ·��¤
Ì�(J�y².

5. o(ÚÐ"

'u8¥¯K®k��´L�(J, AO´3îª�mþ. �d, �©3��iù61þïÄÊ

H�Å½��§�8¥y�, �ä]Ô5. )öò?�ÚïÄ'u��5ÍÜ�§|�8¥y�.
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