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Abstract

In this paper, we construct four classes of projective binary linear codes with a few

weights by selecting defining sets properly and completely determine their weight dis-

tributions by calculating the exponential sums. Especially, some of the constructed

binary linear codes are optimal according to the online Database of Grassl, and the

duals of some of them are optimal or almost optimal. We also characterize the op-

timality of these four classes of linear codes using the Griesmer bound and obtain

some (almost) distance-optimal linear codes or (near) Griesmer codes. As applica-

tions, some of the linear codes obtained in this paper can be used to construct secret

sharing schemes with interesting access structures.
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1. Úó

�m���ê, r��ê,�¦� 2�� rm���,= 2�� rm¦{+�)¤�.� q = 2φ(r
m),

Ù¥ φ�î.¼ê.�Bå�,·�^ `5L« φ(rm).� Fq�äk q����k��, F∗q = Fq \ {0}
�§�¦{+.

�þ�m Fn2 ��� k��5f�m¡��� [n, k, d]�5è C,Ù¥ d��� (Ç²)ål.�

x = (x1, x2, · · · , xn)� y = (y1, y2, · · · , yn). C �éóè½Â�

C⊥ = {x ∈ Fn2 : 〈x,y〉 = 0, é¤k y ∈ C},

Ù¥, 〈x,y〉 =
∑n

i=1 xiyi. C
⊥ ���ål^ d⊥ L«,¡� C �éóål.w,,éóè C⊥ �ëê

� [n, n− k, d⊥].e d⊥ ≥ 3,K¡�5è C ��Kè.e C = C⊥,K¡�5è C �géóè.géó
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è��Ý n�óê,�ê� n
2
.éu 1 ≤ i ≤ n,� AiL«è� n��5è C ¥Ç²­þ� i�èi

��ê.�5è C �­þOêì½Â�

1 +A1z +A2z
2 + · · ·+Anz

n,

Ù¥ (1, A1, · · · , An)� C �­þ©Ù.­þ©Ù�¹
�OØ�uÿÚ��VÇ�Ä�&E.Ïd ,

­þ©Ù3?ènØ¥Úå
2��'5,¿�NõÆöòÙïÄ­:8¥u�5è­þ©Ù�(

½ [1].eS� (A1, A2, · · · , An)¥�" Ai �êþ�u t,K¡è C � t­è.e���5è C �¹

���þ,K¡Ù�gÖè.äk��­þ��5è3���� [2],r�Kã [3],'é�Y [4]Ú@

yè [5]¥kØÓ�A^.ù
�5è��E´Å�ènØ¥��k¿Â�ïÄ�K.

é?¿���ê s, Trs1L«l F2s � F2�,¼ê [6].é?¿�8ÜD = {d1, d2, · · · , dn} ⊆ F∗q ,
½Â F2þ�Ý� n��5è�

CD = {(Trs1(xd1),Trs1(xd2), · · · ,Trs1(xdn)) : x ∈ Fq}, (1)

¿¡ D�è CD �½Â8 [7].ù«�E�{äkÏ^5,Ï�Nõäk`û5��è�±ÏLÀJ

·��½Â8 D¼� [5, 8–14].

�©æ^�êÚ��{5ïÄ (1)ª¥�5è CD �­þ©Ù,Ù¥

D = {x ∈ F∗q : Tr`1(x
q−1
rm ) = t1,Tr`1(x) = t2}, (2)

éu t1, t2 ∈ F2.·�JÑ
Aan­Úo­�5è¿(½
Ù­þ©Ù,¿�,
���5èéu

Grassl�3�êâ¥´�`�½A��`�,�(½
§�éóè�ëê.d	,�©�E�¤k�

��5èÑ´�K�.

�©�Ù{Ü©|�Xe.312!¥,0�
�
��5è�'�Ä�VgÚ(Ø.313!¥,

­:ïÄ
¤JÑ��5è CD �­þ©Ù,�Jø
�
~f5y²·��Ì�(J.14!?Ø


�E��5è�,
¢SA^.15!o(�©ó�.

2. ý��£

�!Äk0�?ènØ¥��
Ä�ÎÒÚ(J,ùò3�©�¡¦^.

2.1. k��þ�A�±9�êÚ

�©�Ì�8I´�Ek��þäk��­þ��5è¿ïÄÙ5�,X�ÝÚ­þ©Ù,ù

I�O�d�'¼êí�Ñ��êÚ.��!�Ñ
�
'uA�±9�êÚ�®�(Ø,^uy

²�©�Ì�(J.

Fq �\{A� χ ´l Fq �ýé�� 1 �Eê|¤�8Ü�¼ê, ¦�é¤k� x, y ∈ Fq,
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χ(x+ y) = χ(x)χ(y).éz� b ∈ Fq,½Â Fq ���\{A��¼ê

χb(x) = (−1)Tr
`
1(bx), é¤k x ∈ Fq, (3)

Fq �z�\{A�Ñ�±ÏLù«�ª��.AO/,� b = 1�, (3)ª¥�A� χ1¡� Fq �IO
\{A�.w, χb(x) = χ1(bx). Fq �\{A����5 [6, ½n5.4]Xe¤«

∑
x∈Fq

(−1)Tr
`
1(bx) =


q, e b = 0,

0, ÄK.

(4)

'uk��þ\{A���õSN,Öö�ë�;Í [6].

é?¿� a, b ∈ Fq,±e�êÚ��dMoisio3 [15]¥(½,¿� S(1, b)�(��d [16]�Ñ

S(a, b) =
∑
x∈F∗

q

χ1

(
ax

q−1
lm + bx

)
.

±eÚn¥o(
©z [16]¥�(Ø,�^uO����5è�­þ©Ù.

Ún1. ÎÒ½ÂXþ.K

S(1, b) =



q−1
rm

(rm − 2r + 2), e b = 0,

√
q −

√
q+1

rm
(rm − 2r + 2), e b = 1,

±√q −
√
q+1

rm
(rm − 2r + 2), e b 6= 0, 1.

2.2. 4��5è

éu�Ý� n��5è C,èi c = (c1, c2, · · · , cn) ∈ C �| ½Â�

Suppt(c) = {1 ≤ i ≤ n : ci 6= 0}.

éu u,v ∈ C,e Suppt(u) ⊆ Suppt(v),K¡ vCX
 u,P� u � v.3���5è C ¥,e��

�"èi c ∈ C =CX��,K¡ c´4��.e C ¥�z�èiÑ´4��,K¡�5è C ´4

��5è. AshikhminÚ Barg [17]�Ñ
�ä�5è4��¿©^�:e wmin

wmax
> 1

2
,K���5è C

�4��,Ù¥ wminÚ wmax©OL«è C ¥�"èi���Ú��­þ.

2.3. Pless�ÝúªÚGriesmer.

�C´ [n, k, d]���5è,­þ©Ù� (1, A1, · · · , An),Ùéóè�­þ©Ù� (1, A⊥1 , · · · , A⊥n ).
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e¡�ÑcÊ�Pless�Ýúª [18, p.260] :

n∑
i=0

Ai = 2k,

n∑
i=0

iAi = 2k−1(n−A⊥1 ),

n∑
i=0

i2Ai = 2k−2[n(n+ 1)− 2nA⊥1 + 2A⊥2 ],

n∑
i=0

i3Ai = 2k−3[n2(n+ 3)− (3n2 + 3n− 2)A⊥1 + 6nA⊥2 − 6A⊥3 ],

n∑
i=0

i4Ai = 2k−4[n(n+ 1)(n2 + 5n− 2)− 4n(n2 + 3n− 2)A⊥1

+ 4(3n2 + 3n− 4)A⊥2 − 24nA⊥3 + 24A⊥4 ].

�`�5è3?ènØ¥k­���^,¿É�
2��'5.eØ�3 [n, k, d + 1]è,K¡

[n, k, d]�5è C �ål�`è,e�3 [n, k, d + 1]ål�`è,K¡ [n, k, d]�5è�A�ål

�`è.e [n, k, d]�5è C �ëê n, k Ú d (½ d + 1)÷v�5è¥?Û�.,~X Plotkin.,

Singleton.,½ö Griesmer.,K¡ C ��`è (½A��`è) [18].AO/,éu F2þ� [n, k, d]

�5è C,Ù Griesmer.d±eªf�Ñ:

n ≥
k−1∑
i=0

⌈
d

2i

⌉
,

Ù¥, d·e��þ��¼ê.e�5è C �ëê n (½ n− 1 ), kÚ d�� Griesmer.,K¡�5è C

� Griesmerè (½A� Griesmerè). GriesmerèduÙ�`5ÚAÛA^ [19, 20]
Úå
��

õ�'5.��5`,�E�`�5è´��(J�¯K,Öö�±ë� [21–27]5
)�C�(Ø.

3. èCD�­þ©Ù

�!­:ïÄ (1)ª¥�5è CD �­þ©Ù.±eÚn^uy²�©�Ì�(Ø,Ù¥ |S|�
k�8Ü S �Äê.

Ún2. � n0 = |D|,Ù¥ D� (2)ª¥¤½Â.K

n0 =
1

4
q +

1

4
(−1)t1(1 + S(1, 0)) +

1

4
(−1)t1+t2(1 + S(1, 1)).
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y² d (4)ª¥\{A����5,��

n0 =
1

4

∑
x∈Fq

( ∑
y1∈F2

(−1)y1(Tr
`
1(x

q−1
rm )+t1)

)( ∑
y2∈F2

(−1)y2(Tr
`
1(x)+t2)

)

=
1

4

∑
x∈Fq

(
1 + (−1)Tr

`
1(x

q−1
rm )+t1

)(
1 + (−1)Tr

`
1(x)+t2

)

=
1

4
q +

1

4

∑
x∈Fq

(−1)Tr
`
1(x)+t2 +

1

4

∑
x∈Fq

(−1)Tr
`
1(x

q−1
rm )+t1

+
1

4

∑
x∈Fq

(−1)Tr
`
1(x

q−1
rm +x)+t1+t2

=
1

4
q +

1

4
(−1)t1(1 + S(1, 0)) +

1

4
(−1)t1+t2(1 + S(1, 1)).

=�(Ø. �

Ún3. é?¿� b ∈ F∗q ,½Â

Nb = |{x ∈ Fq : Tr`1(x
q−1
rm ) = t1,Tr`1(x) = t2,Tr`1(bx) = 0}|.

K

Nb =


1
8
(1 + (−1)t2)(q + (−1)t1(2 + S(1, 0) + S(1, 1))), e b = 1,

1
8
q + 1

8
(−1)t1(2 + S(1, 0) + S(1, b))

+ 1
8
(−1)t1+t2(2 + S(1, 1) + S(1, b+ 1)), e b 6= 1.

y² d (4)ª¥\{A����5,��

Nb =
1

8

∑
x∈Fq

( ∑
y1∈F2

(−1)y1(Tr
`
1(x

q−1
rm )+t1)

∑
y2∈F2

(−1)y2(Tr
`
1(x)+t2)

∑
y3∈F2

(−1)y3Tr
`
1(bx)

)
=

1

8

∑
x∈Fq

(
(1 + (−1)Tr

`
1(x

q−1
rm )+t1)(1 + (−1)Tr

`
1(x)+t2)(1 + (−1)Tr

`
1(bx))

)
=

1

8

∑
x∈Fq

(
1 + (−1)Tr

`
1(bx) + (−1)Tr

`
1(x)+t2 + (−1)Tr

`
1(bx+x)+t2 + (−1)Tr

`
1(x

q−1
rm )+t1

+ (−1)Tr
`
1(x

q−1
rm +bx)+t1 + (−1)Tr

`
1(x

q−1
rm +x)+t1+t2 + (−1)Tr

`
1(x

q−1
rm +bx+x)+t1+t2

)
=

1

8
q +

1

8

∑
x∈Fq

(−1)Tr
`
1(bx+x)+t2 +

1

8

∑
x∈Fq

(−1)Tr
`
1(x

q−1
rm )+t1

+
1

8

∑
x∈Fq

(−1)Tr
`
1(x

q−1
rm +bx)+t1 +

1

8

∑
x∈Fq

(−1)Tr
`
1(x

q−1
rm +x)+t1+t2

+
1

8

∑
x∈Fq

(−1)Tr
`
1(x

q−1
rm +bx+x)+t1+t2
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=
1

8
q +

1

8
(−1)t2

∑
x∈Fq

(−1)Tr
`
1((1+b)x) +

1

8
(−1)t1(1 + S(1, 0))

+
1

8
(−1)t1(1 + S(1, b)) +

1

8
(−1)t1+t2(1 + S(1, 1))

+
1

8
(−1)t1+t2(1 + S(1, 1 + b)).

e¡�â b´Ä�u 1©�ü«�¹?Ø.

(1)e b = 1,k

Nb =
1

8
q +

1

8
(−1)t2q +

1

8
(−1)t1(1 + S(1, 0)) +

1

8
(−1)t1(1 + S(1, 1))

+
1

8
(−1)t1+t2(1 + S(1, 1)) +

1

8
(−1)t1+t2(1 + S(1, 0))

=
1

8
(1 + (−1)t2)(q + (−1)t1(2 + S(1, 0) + S(1, 1))).

(2)e b 6= 1,k

Nb =
1

8
q +

1

8
(−1)t1(1 + S(1, 0)) +

1

8
(−1)t1(1 + S(1, b))

+
1

8
(−1)t1+t2(1 + S(1, 1)) +

1

8
(−1)t1+t2(1 + S(1, b+ 1))

=
1

8
q +

1

8
(−1)t1(2 + S(1, 0) + S(1, b)) +

1

8
(−1)t1+t2(2 + S(1, 1) + S(1, b+ 1)).

=�(Ø. �

e¡©o«�/ïÄ CD �ëêÚ­þ©Ù.

3.1. �/ 1: t1 = t2 = 1

½n1. � D = {x ∈ Fq : Tr`1(x
q−1
rm ) = 1,Tr`1(x) = 1}.K (1)ª¥è CD � [n, `, d]�Ko­�

��5è,­þ©ÙXL 1¤«,Ù¥ n =
(q+
√
q)(r−1)
2rm

, d =
(q+
√
q)(r−1)
4rm

−
√
q

4
.éóè C⊥D �ëê�

[n, n− `, 4].

y² w,è CD ��Ý n�u n0,dÚn 2, n =
(q+
√
q)(r−1)
2rm

.

dÚn 1,é?¿� b ∈ F∗q\{1},��

S(1, 1 + b) ∈
{
±√q −

√
q + 1

rm
(rm − 2r + 2)

}
.

é?¿� b ∈ F∗q ,è CD �èi

cb = (Tr(bx))x∈D (5)

�Ç²­þwt(cb)� n−Nb.Ïd,dÚn 1, 2Ú 3, (5)ª¥èi cb�­þwt(cb) ∈ {ω1, ω2, ω3, ω4},
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Table 1. Weight distribution of codes in Theorem 1

L 1. ½n 1¥�è�­þ©Ù

­þω ªêAω

0 1
(q+
√
q)(r−1)
2rm

1
(q+
√
q)(r−1)
4rm

2
(

(
√
q+1)(r−1)
rm

)2
− 2(q+

√
q)(r−1)
rm

+ q − 2

(q+
√
q)(r−1)
4rm

−
√
q

4

(q+
√
q)(r−1)
rm

−
(

(
√
q+1)(r−1)
rm

)2
(q+
√
q)(r−1)
4rm

+
√
q

4

(q+
√
q)(r−1)
rm

−
(

(
√
q+1)(r−1)
rm

)2

Ù¥

ω1 =
(q +

√
q)(r − 1)

2rm
, ω2 =

(q +
√
q)(r − 1)

4rm
,

ω3 =
(q +

√
q)(r − 1)

4rm
−
√
q

4
, ω4 =

(q +
√
q)(r − 1)

4rm
+

√
q

4
.

duéz� b ∈ F∗q , wt(cb) > 0,¤±è CD ��ê� `.

e¡O� CD ¥­þ� ωi �èi�ê Aωi
, Ù¥ 1 ≤ i ≤ 4. dÚn 3 ¥ Nb �O���:

wt(cb) =
(q+
√
q)(r−1)
2rm

��=� b = 1, i.e., Aω1
= 1.dD�½Â�� 0 /∈ D.Ïd A⊥1 = 0.duDØ

´õ­8,¤±XJ i 6= j,@o D�?¿ü��� di Ú dj 7Ø�Ó.� A⊥2 = 0� d⊥ > 2.dcn

� Pless�Ýúª��±e�§|:
Aω1

+Aω2
+Aω3

+Aω4
= q − 1,

ω1Aω1
+ ω2Aω2

+ ω3Aω3
+ ω4Aω4

= 1
2
qn,

ω2
1Aω1

+ ω2
2Aω2

+ ω2
3Aω3

+ ω2
4Aω4

= 1
4
q[n(n+ 1)].

¦)���è CD �­þ©ÙXL 1¤«.

éóè C⊥D �(Ø�d CD ��ÝÚ�ê��.d	,d1o�Ú1Ê� Pless�Ýúª�í�

A⊥3 = 0, A⊥4 > 0,� C⊥D ���ål� 4. �

~1. (1) � r = 3, m = 2. Magma §SL² CD ��� [8, 6, 2] �5è, Ù­þOêì�

1 + 12z2 + 38z4 + 12z6 + z8,�½n 1�(Ø��.AO/,ù�è�C Griesmerè,�d©z [28]

��,§�´�`�.d	,§�éóè C⊥D �ëê� [8, 2, 4],'u Griesmer.´A�ål�`è,

�d©z [28]��´A��`è.

(2)� r = 5,m = 1. Magma§SL² CD��� [8, 4, 4]�5è,Ù­þOêì� 1+14z4 +z8,

�½n 1�(Ø��.5¿�� r = 5, m = 1�, CD ���ü�­þØ�3,¤±§´���­è.

AO/,ù�è´ Griesmerè,�d©z [28]��,§�´�`�.d	,§�éóè C⊥D �ëê�

[8, 4, 4],¤± CD �géóè.

(3) � r = 11, m = 1. Magma §SL² CD ��� [480, 10, 232] �5è, Ù­þOêì
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� 1 + 60z232 + 902z240 + 60z248 + z480, �½n 1 �(Ø��. d	, §�éóè C⊥D �ëê�

[480, 470, 4].

3.2. �/ 2: t1 = 1, t2 = 0

½n2. � rm ≥ 11, D = {x ∈ Fq : Tr`1(x
q−1
rm ) = 1,Tr`1(x) = 0}.K (1)ª¥è CD � [n, `− 1, d]

�Kn­���5è,­þ©ÙXL 2¤«,Ù¥ n =
(q−√q−2)(r−1)

2rm
, d =

(q+
√
q)(r−1)
4rm

−
√
q

2
.éóè

C⊥D �ëê� [n, n− `+ 1, 3].

Table 2. Weight distribution of codes in Theorem 2

L 2. ½n 2¥�è�­þ©Ù

­þω ªêAω

0 1
(q+
√
q)(r−1)
4rm

1
2

(
(
√
q+1)(r−1)
rm

)2
− (2q+

√
q−1)(r−1)
2rm

+ q
2
− 1

(q+
√
q)(r−1)
4rm

−
√
q

4

(q+
√
q)(r−1)
rm

−
(

(
√
q+1)(r−1)
rm

)2
(q+
√
q)(r−1)
4rm

−
√
q

2
1
2

(
(
√
q+1)(r−1)
rm

)2
− (
√
q+1)(r−1)
2rm

y² w,è CD ��Ý n�u n0,dÚn 2, n =
(q−√q−2)(r−1)

2rm
.

dÚn 1,é?¿� b ∈ F∗q\{1},��

S(1, 1 + b) ∈
{
±√q −

√
q + 1

rm
(rm − 2r + 2)

}
.

é?¿� b ∈ F∗q ,è CD �èi

cb = (Tr(bx))x∈D (6)

�Ç²­þ wt(cb)� n−Nb.Ïd,dÚn 1, 2Ú 3, (6)ª¥èi cb�­þ wt(cb) ∈ {0, ω1, ω2, ω3},
Ù¥

ω1 =
(q +

√
q)(r − 1)

4rm
, ω2 =

(q +
√
q)(r − 1)

4rm
−
√
q

4
, ω3 =

(q +
√
q)(r − 1)

4rm
−
√
q

2
.

� rm ≥ 11�,éz� b ∈ F∗q\{1},Ñk wt(cb) > 0,¤±è CD ��ê� `− 1.

e¡O� CD ¥­þ� ωi�èi�ê Aωi
,Ù¥ 1 ≤ i ≤ 3.�½n 1�y²Øã��,dcn�

Pless�Ýúª�í�±e�§|:
Aω1

+Aω2
+Aω3

= 1
2
q − 1,

ω1Aω1
+ ω2Aω2

+ ω3Aω3
= 1

4
qn,

ω2
1Aω1

+ ω2
2Aω2

+ ω2
3Aω3

= 1
8
q[n(n+ 1)].

¦)���è CD �­þ©ÙXL 2¤«.

éóè C⊥D �(Ø�d CD ��ÝÚ�ê��.d1o� Pless�Ýúª�í� A⊥3 > 0. �
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~2. � r = 11, m = 1. Magma §SL² CD ��� [450, 9, 224] �5è, Ù­þOêì�

1 + 435z224 + 60z232 + 16z240,�½n 2�(Ø��.AO/,ù�è'u Griesmer.´ål�`è.

d	,§�éóè C⊥D �ëê� [450, 441, 3].

3.3. �/ 3: t1 = 0, t2 = 1

e¡½n�y²�½n 1�q,¤±ùp�Ñ
y².

½n3. � rm ≥ 9, D = {x ∈ Fq : Tr`1(x
q−1
rm ) = 0,Tr`1(x) = 1}.K (1)ª¥è CD � [n, `, d]�K

o­���5è,­þ©ÙXL 3¤«,Ù¥ n =
(q+
√
q)(rm−r+1)

2rm
−
√
q

2
, d =

(q+
√
q)(rm−r+1)

4rm
−
√
q

2
.é

óè C⊥D �ëê� [n, n− `, 4].

Table 3. Weight distribution of codes in Theorem 3

L 3. ½n 3¥�è�­þ©Ù

­þω ªêAω

0 1
(q+
√
q)(rm−r+1)

2rm
−
√
q

2
1

(q+
√
q)(rm−r+1)

4rm
−
√
q

4
2
(

(
√
q+1)(r−1)
rm

)2
− 2(q+

√
q)(r−1)
rm

+ q − 2

(q+
√
q)(rm−r+1)

4rm
−
√
q

2

(q+
√
q)(r−1)
rm

−
(

(
√
q+1)(r−1)
rm

)2
(q+
√
q)(rm−r+1)

4rm
(q+
√
q)(r−1)
rm

−
(

(
√
q+1)(r−1)
rm

)2
~3. (1) � r = 3, m = 2. Magma §SL² CD ��� [24, 6, 10] �5è, Ù­þOêì�

1 + 12z10 + 38z12 + 12z14 + z24,�½n 3�(Ø��.AO/,ù�è'u Griesmer.´A�ål

�`è,�d©z [28]��,§�´�`�.d	,§�éóè C⊥D �ëê� [24, 18, 4],'u Griesmer

.´ål�`è,�d©z [28]��´�`è.

(2)� r = 11,m = 1. Magma§SL²CD��� [32, 10, 8]�5è,Ù­þOêì� 1+60z8 +

902z16 + 60z24 + z32,�½n 3�(Ø��.d	,§�éóè C⊥D �ëê� [32, 22, 4],d©z [28]�

�´A��`è.

3.4. �/ 4: t1 = t2 = 0

e¡½n�y²�½n 2�q,¤±ùp�Ñ
y².

½n4. � rm ≥ 9, D = {x ∈ Fq : Tr`1(x
q−1
rm ) = 0,Tr`1(x) = 0}.K (1)ª¥è CD � [n, `− 1, d]

�Kn­���5è,­þ©ÙXL 4¤«,Ù¥ n =
(r−1)(√q−q+2)

2rm
+ q

2
− 1, d = q

4
− (q+

√
q)(r−1)
4rm

.é

óè C⊥D �ëê� [n, n− `+ 1, 3].

~4. (1) � r = 3, m = 2. Magma §SL² CD ��� [25, 5, 12] �5è, Ù­þOêì�

1 + 18z12 + 12z14 + z16,�½n 4�(Ø��.AO/,ù�è�C Griesmerè,�d©z [28]��,

§�´�`�.d	,§�éóè C⊥D �ëê� [25, 20, 3],'u Griesmer.´A�ål�`è,�d

©z [28]��´�`è.
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Table 4. Weight distribution of codes in Theorem 4

L 4. ½n 4¥�è�­þ©Ù

­þω ªêAω

0 1

q
4
− (q+

√
q)(r−1)
4rm

1
2

(
(
√
q+1)(r−1)
rm

)2
− (2q+

√
q−1)(r−1)
2rm

+ q
2
− 1

(q+
√
q)(rm−r+1)

4rm
(q+
√
q)(r−1)
rm

−
(

(
√
q+1)(r−1)
rm

)2
q+2
√
q

4
− (q+

√
q)(r−1)
4rm

1
2

(
(
√
q+1)(r−1)
rm

)(
(
√
q+1)(r−1)
rm

− 1
)

(2) � r = 11, m = 1. Magma §SL² CD ��� [61, 9, 16] �5è, Ù­þOêì� 1 +

16z16 + 60z24 + 435z32,�½n 4�(Ø��.d	,§�éóè C⊥D �ëê� [61, 52, 3],d©z [28]

��´A��`è.

4. è CD �A^

3¢SA^�¡,�©����
���5è�±^u�EäkûÐ�¯(�������Y.

� rm ≥ 11.Kéu½n 2¥��5è,k

wmin

wmax

=

(q+
√
q)(r−1)
4rm

−
√
q

2
(q+
√
q)(r−1)
4rm

>
1

2
.

Ïd,�â AshikhminÚ Barg�Ñ��5è4��¿©^�,ù�è´4��,�±^u�Eäk

�¯(�������Y [2].

5. o(

�©�E
Aa�Kn­Úo­�5è,¿|^�êÚ�Ñ
§��­þOêì.¤JÑ��


�5è´�`�,¿�§��éóè�´�`½A�´�`�.|^ Griesmer.,�x
oa�

5è��`5,¿��
Aa (A�)ål�`��5è½ (C) Griesmerè.d	,�ïÄ
ù
�

5è�gÖ5Ú4�5,¿���
è´gÖ�½4��.
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