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Abstract

In this paper, by using the method of analogical induction, we prove that GC-projective

(GC-injective) complexes are projectively (injectively) resolving and the GC-projective

(GC-injective) properties of the complexes are preserved under the Frobenius exten-
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sion. Further, we obtain thatGC-projective (GC-injective) dimensions of the complexes

are invariant under the Frobenius extension.
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1. Úó

2007 c, Holm ÚWhite 3©z [1] ¥r�éó��Vgí2����(Ü�þ, Ú\ C-Ý�

é�, C-S�é��Vg, ¿±dïÄ Auslander aÚ Bass a. 3dÄ:þ, White [2]u2010 cï

Ä
��éó��' Gorenstein �Æ, ¨Ú\
 C-Gorenstein Ý��, ¿r§P� GC-Ý��.

Cc5, GorensteinÓNnØÉ��5�õ�Æö�'5. 2011c,3GC-Ý���Gorenstein

Ý�(S�)E/�Ä:þ, 
Ss�<3©z [3,4] ¥½Â
 C-Ý�(S�)E/� GC-Ý�(S�)E

/, ¿|^ Auslander aÚ Bass a�ûÐ5�ïÄ
 GC-Ý�(S�)E/� GC-Ý�(S�)E/�

ê��'5�, Ì�y²
E/ X ´ GC-Ý����=� Xm ´ GC-Ý���­�(Ø. 2022 c,

ë�W3©z [5] ¥&Ä
3�� Frobenius *Üe, GC- Ý�(S�)�� GC-Ý�(S�)�ê��

'5�, y²
3�� Frobenius *Üe, é�� R-�M , MR ´ GC- Ý����=�M 
R A ´

GC
RA-Ý��.

É©z [3{5]�éu, �©UY�7 GC-Ý�(S�)é�ÐmïÄ, y²
 GC-Ý�(S�)E/

´Ý�©)a, ¿�y²
� R � A ´ Frobenius *Ü�, é?¿�� R-�E/ X, XR ´ GC-Ý

����=�X 
R A ´ GC
RA-Ý��. 3 Frobenius *Üe, ?Ø
E/� GC-Ý�E/�ê´

ØC�, = GC-pdR(X) = GC
RA-pdA(X) �.

2. ý��£

�©©ªb�� R Ú� A ´kü �����. k0��©ò�^��½ÂÚ(J.

½Â1. [1] � X ´ R-��Æ. XJ X ÷ve�^�:

(1) P(R) � X , Ù¥ P(R) L«Ý��|¤�a;
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(2)éu?¿� R-��Ü�

0!M
0

!M !M 00 ! 0;

Ù¥M 00 2 X , KM 2 X ��=�M
0

2 X .

@o¡ X �Ý�©)a.

½Â2. [3] �C ´�éó�, X ´E/. éu?¿�C-Ý�E/ V ,XJ�3HomR(�;V)-�

ÜE/�Ü�

P = � � � ! P1 ! P0 ! V�1 ! V�2 ! V�3 ! � � � ;

Ù¥ Pi ´Ý�E/Ú Vi ´ C-Ý�E/, ¦� X �= Coker(P1 ! P0), K¡E/ X ´ GC-Ý��.

½Â3. [3] E/ X � GC-Ý��ê, ½Â� GC-pdR(X) = inffn j 0 ! Gn ! Gn�1 ! � � � !

G1 ! G0 ! X ! 0g; Ù¥ Gi Ñ´ GC-Ý�E/, P� GC-pdR(X).

aq GC-S���½Â, �éó/½Â GC-S�E/Ú GC-S��ê.

Ún1. [3] éuE/ X:

(1)e§´ GC-Ý����=� Xm ´ GC-Ý��;

(2)e§´ GC-S����=� Xm ´ GC-S��.

½Â4. [4] XJ�3 R-��Ü�

X = � � � ! P1 ! P0 ! C 
R P
0 ! C 
R P

1 ! � � � ;

Ù¥ Pi Ú P i Ñ´Ý��, ¿�éu?¿�Ý�� Q, HomR(�; C 
R Q) �^3 X þE´�Ü�,

@o¡TS���� PC-©).

½Â5. [5] XJ� R Ú� A ÷ve��d^�¥�?¿�^:

(1)¼f T = A
R � Ú H = HomR(A;�) ´g,�d�;

(2) RA ´k�)¤Ý��� AAR �= HomR(AAR; R);

(3) AR ´k�)¤Ý��� RAA �= HomR(RAA; R),

K¡�*Ü R � A ´ Frobenius *Ü.

Ún2. [5] � R � A ´ Frobenius *Ü, Kk±e¤á:

(1)é�� R-�M , MR ´GC-Ý����=�M 
R AA ´ GC
RA-Ý��;

(2)é�� A-�M , MA ´ GC
RA-Ý����=�MS ´ GC-Ý��;

(3)é�� R-�M , MR ´ GC-S����=�M 
R AA ´ GC
RA-S��;

(4)é�� A-�M , MA ´ GC
RA-S����=�MS ´ GC-S��;

(5)M´ A-�, K GC-pdR(M) = GC
RA-pdA(M);

(6)M´ R-�, K GC-pdR(M) = GC
RA-pdA(M 
R A);

(7)M´ A-�, K GC-idR(M) = GC
RA-idA(M);

(8)M´ R-�, K GC-idR(M) = GC
RA-idA(M 
R A).
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Ún3. [6] GC-Ý��a´Ý��)�, 'u�Ú��Ú�µ4; GC-S��a´S��)�,

'u�È��È�µ4.

3. Frobenius *Üe� GC-Ý�(S�)E/

��!Ì�?Ø GC-Ý�(S�)E/��'5�.

yò½Â 4 í2�E/��/,

½Â6. éu��E/�Ü�

X = � � � ! P1 ! P0 ! V�1 ! V�2 ! V�3 ! � � � ;

Ù¥ Pi ´Ý�E/Ú Vi ´ C-Ý�E/. eéu?¿� C-Ý�E/ V , HomR(�; V ) �^3 X þ

E´�Ü�, K¡���� PC-©).

·K1. XJ X� ´�� PC-©)�¤�a, @o
`
�

X� �´�� PC-©), Ïd GC-Ý�E/

'u�Úµ4.

y² éu?¿� C-Ý�E/ V , �3Ó�

HomR(
a

�

X�; V ) �=
Y

�

HomR(X�; V );

Ù¥éu¤k� �, E/ HomR(X�; V ) ´�Ü�, ¤±E/ HomR(
`
�

X�; V ) ´�Ü�. d½Â 2

�, GC-Ý�E/'u�Úµ4.

½n1. GC-Ý�E/´Ý�©)a, 'u�Ú��Ú�µ4.

y² � 0! G
0

! G! G
00

! 0 ´ R-�E/�Ü�, Ù¥ G
0

; G
00

´ GC-Ý�E/. dÚn 1

��, éz��m, k G
0
m; G

00
m ´ GC-Ý��. qdÚn 3 �� GC-Ý��3*Üeµ4, K Gm

´ GC-Ý��. ÏddÚn 1 �� G ´ GC-Ý�E/.

Ón�y, � G; G
00

´ GC-Ý�E/�, G
0

´ GC-Ý�E/, �â [7]�·K 1.4, d·K 1 �

� GC-Ý�E/'u�Ú��Ú�µ4.

éþã·K, d [8]�Ún 3.12, k��íØ.

·K2. � C ´?¿� R-�E/, �Äe�E/�Ü�,

0! Kn ! Gn�1 ! � � � ! G0 ! C ! 0

0! K
0

n
! G

0

n�1
! � � � ! G

0

0
! C ! 0

Ù¥ Gn�1, � � � , G0 Ú G
0

n�1
, � � � , G

0

0
´ GC-Ý�E/, K Kn ´ GC-Ý�E/��=� K

0

n
´

GC-Ý�E/.

aq/, ·��±��'u GC-S�E/��'5�.
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½n2. GC-S�E/´S�©)a, 'u�È��È�µ4.

·K3. � C´?¿� R-�E/. �Äe�E/�Ü�,

0!M ! E0 ! � � � ! Em�1 ! Tm ! 0

0!M ! E
0

0
! � � � ! E

0

m�1
! T

0

m
! 0

Ù¥ Em�1; � � � ; E0 Ú E
0

m�1
; � � � ; E

0

0
´ GC-S�E/, K Tm ´ GC-S�E/��=� T

0

m
´

GC-S�E/.

½n3. � R � A ´ Frobenius *Ü, k±e¤á:

(1)é�� R-�E/ X, XR ´ GC-Ý����=� X 
R A ´ GC
RA-Ý��;

(2)é�� A-�E/ X, XA ´ GC
RA-Ý����=� XR ´ GC-Ý��;

(3)é�� R-�E/ X, XR ´ GC-S����=� X 
R A ´ GC
RA-S��;

(4)é�� A-�E/ X, XA ´ GC
RA-S����=� XR ´ GC-S��.

y² ·��y²(1), (2)!(3)!(4)Ón�y. d^��X 
RA´GC
RA-Ý��, dÚn 1 �

éz�� m, k Xm 
R A ´ GC
RA-Ý��, 2dÚn 2, �� Xm 
R A ´ GC
RA-Ý��, Ïd

XR ´ GC-Ý��. ��, ½¤á.

½n4. � R � A´ Frobenius *Ü, k:

(1) X ´ A-�E/, K GC-pdR(X) = GC
RA-pdA(X);

(2) X ´ R-�E/, K GC-pdR(X) = GC
RA-pdA(X 
R A);

(3) X ´ A-�E/, K GC-idR(X) = GC
RA-idA(X);

(4) X ´ R-�E/, K GC-idR(X) = GC
RA-idA(X 
R A).

y² ·��y²(1), (2)!(3)!(4)Ón�y. Ø���5, � GC
RA-pdA(X) = n < 1. k

A-�E/�Ü�,

0! Gn ! Gn�1 ! � � � ! G1 ! G0 ! X ! 0

Ù¥ Gi Ñ´ GC
RA-Ý�E/. ÏL�� Gi, �±�� R-�E/�Ü�, d½n 3, ��z�� Gi

Ñ´ GC-Ý�E/, Ïd GC-pdR(X) < n = GC
RA-pdA(X). ,��¡, � GC-pdR(X) = m < 1.

�� A-�E/ X, k

0! Km ! Gm�1 ! � � � ! G1 ! G0 ! X ! 0

Ù¥ Gi Ñ´ GC
RA-Ý�E/, 0 � i � m� 1. ÏL�� Gi, �±�� R-�E/�Ü�, d½n 3,

�� Gi Ñ´ GC-Ý�E/, 0 � i � m� 1. Ï� GC-pdR(X) = m, d½n 2, ��Km �´ GC-Ý

�E/, 2|^½n 2, �� XA ´ GC
RA-Ý�E/, K GC
RA-pdA(X) � m = GC-pdR(X).

4. o(

�©|^ GC-Ý�(GC-S�)E/�Ý�(S�)�)5, y²
3 Frobenius *Üe, E/�

GC-Ý�5ÚS�5´�±�±9E/� GC-Ý��êÚS��ê´ØC�, í2
 GC-Ý�(GC-
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S�)é�3 Frobenius *Üe�5�. Cc5, DC-Ý�(DC-S�)é��ïÄ�Øä�\, �©�

(Jk"ò�� DC-Ý�(DC-S�)��E/þ.
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