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Abstract

In the article, we present a discontinuous finite volume element method for solving hyperbolic

SCEEG|FH: BRi, L. — 00 3R R G R AR ] A FRAR AR C T VA D). N Hy il g, 2020, 9(11): 1934-1944.
DOI: 10.12677/aam.2020.911223


http://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2020.911223
https://doi.org/10.12677/aam.2020.911223
http://www.hanspub.org

Writi, wi

conservation laws. A maximum-principle satisfying limiter is adopted to keep accuracy. The time
discretization is based on third order SSP Runge-Kutta scheme. Typical test cases show the effec-
tiveness and accuracy of the present scheme.
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1. 5|8

XU 7 RRAE R o T AR TR ) — SR B TR, FUR T A AR IR T, DRI T B D R R R AR Ok
%o BRSO SRR TR, — RAIAIRS B AR B, 911 Godunov #%3([1], Lax-Friedrichs #%3[2],
S AR 7% 3 Jik(Total Variation Diminishing, TVD) [3] [4], &8 %A F(Total Variation Bounded, TVB) [5], JiHi
AR TG 72 3% 7% 3\ (Weighted Essentially Non-Oscillatory, WENO) [6]55,

[ Wi PRAAFR G T i AR 2004 SE[ 718 YeXiu f2H, (EEHARAEBIC LS DG HikdH,
BEXTAAI in) R T TR WG BRARAR TGV . 25, SRR IR T VA B T A7) il KU 1] R 8] [9].
GINEAMUEE R, SRS RFFHEER /I FE T DB E A R IR T RS A, KRR
s URE £E 2009 F, BRKARSEESE T EHATRA Tk S ks - FEERBA R T %, R Rkg-E
& 4% ) 4K A7 18] BT 45 PR JG 5 ¥ (Runge-Kutta Control Volume Discontinuous Finite Element Method,
RKCVDFEM), {RiIE 1 BC{EL g A4 =5 &0 <7 45 4k HL AT AR &7 f) &b 2 3555 1) ) /. {H RKCVDFEM ] T
minmod RIS, TR 1% 250 MR BURRAE T AN [F] 00 10) 8, AT BR 1) 1 07 v 3 AV e

X 591 F-4% 45 140 1) A BR AR AR ST 77325 10] [11] [12] [13] [14], ACHET SSP Runge-Kutta s [a] 55 #7732,
KM MPS (Maximum-principle-satisfying) 1 /= B FE FR 1) 25, #3&E T PRARARL [BI W BRARFR 76 7 v 0Kk 3R fi
WUt e T AR, E i 4 M SR R BRI AT S e i

2. BN EE
2.1. ZSEEHEL
— Y EEE TR

{u, +f(u)x =0

u(x,0)=u,

KA fRTERERS. FIE R, 4 x, HRSNEL B ANRTTIEAN L = (%%, ) BT
KIEN = x, =Xy o ERAEHIIE 1, ERUEI 3 MEETE, DBACH x_p %%, ESHHIE
AU, ST RN I = (%% ) L= (S Xeys ) Ly = (%par Xy ) »
IR R H ] U, e NPT 1], FR S R R S ) Lagrange 08 %0, JEHRAOIE R 20 o), U5
TEIEAR K, A
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u, (x,l) = Zuy)

I=1

! (x)

SR ATk OE el vl A i3 a6 S OO IVA B ISR

, Lvxel
v, = 0.5

SN

M5 R A AT 25 1A B . SEAE 7 RE P RIS 3 LUK 3 PR K v, JRAE — AN IRTT 1, AR

RAH

Uﬂ o dx * L+ o\ dx*ul

i-1/2 -1/2

d (2) 4 %
dt(0+'[’?+’1/z o) dx

(1) W (2) (2) (3)
E(L,-’q)f dx *u; +J.1§(Df dx *u; +J.1,*(Di dx*

,1=1,2,3

j fH/z _f;—l/4

”§'3) ) = fi—1/4 - fi+1/4

s uHu,

Horb £ =y (xagest)) o B o RS x ., N TE TR B M, FRAT, T ST 7, TR
/ / / / /

WA SCR A Lax-Friedrichs B IE BRE X 1,

Flu )=o) s (w)-

Hhc= max|f’(u)| o HBEHITFEHS

d uﬁ])

u

A*d—t”—g, u, uﬁ.z) , g=
e
J

L R BN T 5 RTINS A4 an R

2.2. BERFIFF
RARAE PR 25

KT MHIEESR Y, 5]\ MPS (Maximum-principle-satisfying) &

ﬁj(x)zﬂ(uj(x)—ﬁj)+ﬁj, 6’=min{

M, = maxu; (x)» m, =minu,
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S, =] (x)dv= Y, ()« B, RECH Hﬂ ERERRE, THA Yo, =1
J o=1 o=1

PEZIR I o FORAE ¢, W2 TE RS, e T 7 BT 0 [, 0, | B115] [16].

Shu 7E[ 17]HER 7 ZBR 1 2 A SR =B R FE
2.3. BHEIEEL

FEEUSE 1SR E R R, A SSP Runge-Kutta #%5[18]
u =y +At-L(u")

3. E4l
3.1. Bl 1 &4xRGE

u,+u, =0

t

u(x,O):%+%sin(Tcx)

THE R TE AL A T B GIAEAR RIS B R, BEeR B o EtEoe . koo, BTN RZE
Sk, tHEAIR WA 1k 2.
Table 1. t = 0.1, p'
%= 1. LM TES 1 EEIRE RS
Scheme Grids L, error L, order L, error L., order
P 40 7.7464 x 107 —_ 6.0693 x 107 —
80 1.9424 x 107 1.9961 1.5255 x 107 1.9926
160 4.6004 x 107 2.0784 3.6124 x 10°° 2.0786
320 1.1500 x 107° 2.0005 9.0394 x 107 1.9993
640 3.0174 x 107 1.9306 2.3641 x 10°° 1.9349
Table 2. 1 = 0.1, p*
2. ZRTTEG 1 B9EEIRZE FIBESEY
Scheme Grids L, error L, order L, error L., order
P 40 7.8257 x 107 — 1.2529 x 10°° —
80 9.7962 x 10°° 2.9985 1.5995 x 107 2.9702
160 12319 x10°° 2.9919 2.0824 x 107 2.9418
320 1.5768 x 107 2.9664 2.8129 x 10°° 2.8887
640 2.1549 x 10 2.8719 4.0568 x 1077 2.7942

MBI AT A, T p'oe, SERRUFERT LA RS, WX p*ye, THERT LA R = .
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Figure 1. t=0.3, AX:L
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Figure2. r=0.3, Ax=—
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Figure 3. t=z, Ax=i
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Figure 6. r=1.1, szL
50

& 6. &5y 100 BETHRER, =11

HiPd 7~8 mr %, i HOBCEUE AR S T WENO A8 3U R 25 Ml ] LUK L, ORBRAE R Wi A FRAR B Ty
PN BERAE KB TE R, T H 5SS %A ek R HRACR

3.4. Hijl 4 Zi@RIEE

F B 20 km KA, AR 50 veh/km. (N %5 F A7 K8 B BN R 4240 s Bk %6
XTI I IAIME 6, RATH RN D204k . TEPAN /N BT, 50T 10 08 NESEH], 10 43
BhE] 30 08t REBINCZEE 75 veh/km, 30 208G N K E ) 50 veh/kmo HMESZAELIE 9.
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Figure7. t=0.6, Ax =i
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Figure8. t=0.6, Ax :i
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8. &% 80 YR EE, 1=0.6

u + f(u), =0
50 0<x<10
u, =4350 10<x<I15

1400 -70x 15<x<20

—0.4u% +100u 0<u<50
f(u): —0.1u” +15u + 3500 50<u <100
—0.024u* —=5.2u+4760 100 <u <350
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9. Bl 4 BRI

AR I 10~13, FEARFGIT, 7341 7 90 738 A BRI K S5 A A2 S BUR S s, @ 1K %

AN T s ) 22 3 AR A B 5 S A E R ARV E XS B, 7T LU W) & 15 DU

4. g

AICHETC T PRARAEL 18] A BRARAR T T3, JE R8T MPS ROBR i & 68 L AR Fr m A L, <34 0 [R] i
SCREWE R A SR B . S I TSRS AT X EL AT, UESE T A ORAR AR PR ] BT A PR AR T 75 v B A LB R
T B vRTAR AT 18] W i 20 % R ARG

350

300

Density (km)
—_ ) )
W S Ul
S S S

D
(=]

OFr TT T[T T T T[T T I T[T T T T[T T T T [TT I T [TTTT]

(=]

exact
numerical

Distance (km)

v, S I
10

Figure 10. ¢#=10 min, Ax:%
& 10. ¢=10 min BRBYREE

DOI: 10.12677/aam.2020.911223

1942


https://doi.org/10.12677/aam.2020.911223

Writi, wi

Density (km)
— — [y} ~ W
(=1 w [=1 W (=3
=3 o = =] (=3
T et o o e LI ]

v
=)

exact
numerical

1
10
Distance (km)

1
Figure 11. =30 min, Ax:g

& 11. =30 min FEIREE

¥ N w w
=3 9 =3 v
S =) S =)

[T

Density (km)
"
o

e}

exact
numerical

1
10
Distance (km)

1
Figure 12. =60 min, Ax:g

& 12. =60 min FTEIREE

350

300

1553 5]
(=3 W
=3 S

Density (km)
v
S

100

[e]

exact
numerical

50

1
Figure 13. =90 min, Ax= g

[y

-
10
Distance (km)

13. =90 min FAREE

BE

DOI: 10.12677/aam.2020.911223

1943


https://doi.org/10.12677/aam.2020.911223

Priti, sl

E&

PSRRI R JE S 4:(21100-5187133);  PI5ETH 1A X A A I & 3£ 4235 H (12000-1300020240)

SEEk
[11 Godunov, S.K. (1959) A Difference Method for Numerical Calculation of Discontinuous Solutions of the Equations of
Hydrodynamics. Matematicheskii Sbornik, 89, 271-306.

[2] Friedrichs, K.O. and Lax, P.D. (1971) Systems of Conservation Equations with a Convex Extension. Proceedings of
the National Academy of Sciences, 68, 1686-1688. https://doi.org/10.1073/pnas.68.8.1686

[3] Cockburn, B. and Shu, C. (1989) TVB Runge-Kutta Local Projection Discontinuous Galerkin Finite Element Method
for Conservation Laws II: General Framework 1. Mathematics of Computation, 52, 411-435.
https://doi.org/10.2307/2008474

[4] E3THe, ZHE, XM, 25 T TVD BARR mpl MU B 200]. BB RS K= 244k, 2013, 35(6): 9-14.

[5] Shu, C.W. (1987) TVB Uniformly High-Order Schemes for Conservation Laws. Mathematics of Computation, 49,
105-121. https://doi.org/10.1090/S0025-5718-1987-0890256-5

[6] Liu, X., Osher, S. and Chan, T. (1994) Weighted Essentially Non-Oscillatory Schemes. Journal of Computational
Physics, 115, 200-212. https://doi.org/10.1006/jcph.1994.1187

[71 Ye, X.(2004) A New Discontinuous Finite Volume Method for Elliptic Problems. SIAM Journal on Numerical Analy-
sis, 42, 1062-1072. https://doi.org/10.1137/S0036142902417042

[8] Bi, C.J. and Geng, J.Q. (2009) Discontinuous Finite Volume Element Method for Parabolic Problems. Numerical Me-
thods for Partial Differential Equations, 26, 367-383. https://doi.org/10.1002/num.20437

[91 BkZsm, SN, Bl 5 FE R R BRAAFR G VR[], S K2R, 2009, 22(2): 97-101.

[10]  BRAAR. SRARXCHH SPAEA A - B3 AR F] 75 FR JC 7V (RKCVDFEM) [D]: [Bld2A470 18 50]. 48BH: A
TP EEHT 58 R, 2009:11-40.

[11] BB, HeE%E, REE, 2. RKDG FRICHERME—HR B HERA Euler FFE[)]. HHEWHEE, 2014, 31(1):
1-10.

[12] KB, WEREIE. —4EKT A FEMIEWAA BRG] B k2R 54Kk, 2013, 32(3): 61-63+73.

[13] akflef. XAy 807 2B RUE W AR e [D]: (B4 22 A0 3], BFrg: IR IME K, 2010.

[14] WAGEAR, HFER. SR - ¥ 80 Galerkin #7010 XA BRICTIET]. THEEFE, 1992(4): 446-459.
[15] AEEEAR, WA, 2T EErE R EN R ERGI BT R[], TRERH R, 2013, 34(9): 1635-1639.

[16] B4, KA. 3T Runge-Kutta ANEZE Galerkin 73 I # BRI 38 [J]. RIZF A S TR, 2017, 1724):
112-115.

[17] &FHE. ERA 1% IR Galerkin J7EIRTEEES) [1]. J153EE, 2013, 43(6): 541-554.

(18] ke, ¥, ¥dh. KA w5 T RE R BRIT T VA R SRR ZG PR R 80 Rt[)]. P EREY: Ko7,
2015, 45(7): 1041-1060.

DOI: 10.12677/aam.2020.911223 1944 IR Esid


https://doi.org/10.12677/aam.2020.911223
https://doi.org/10.1073/pnas.68.8.1686
https://doi.org/10.2307/2008474
https://doi.org/10.1090/S0025-5718-1987-0890256-5
https://doi.org/10.1006/jcph.1994.1187
https://doi.org/10.1137/S0036142902417042
https://doi.org/10.1002/num.20437

	一维双曲守恒律方程的保极值间断有限体积元方法
	摘  要
	关键词
	A Maximum-Principle Satisfying Discontinuous Finite Volume Element Scheme for One-Dimensional Hyperbolic Conservation Laws
	Abstract
	Keywords
	1. 引言
	2. 格式的构造
	2.1. 空间离散
	2.2. 斜率限制器
	保极值的限制器

	2.3. 时间离散

	3. 算例
	3.1. 算例1线性对流方程
	3.2. 算例2 Burgers方程
	3.3. 算例3 Buckely-Leverett方程
	3.4. 算例4 交通流问题

	4. 结论
	基金
	参考文献

