
Pure Mathematics nØêÆ, 2024, 14(8), 80-92

Published Online August 2024 in Hans. https://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2024.148307

�·ÜÚÑ��o�Hartree�§7Å)�
�35�­½5

ôôôSSS���

Ü����ÆêÆ�ÚOÆ�,[�=²

ÂvFÏµ2024c6�25F¶¹^FÏµ2024c7�27F¶uÙFÏµ2024c8�19F

Á �

�©Ì�ïÄ
Xe�k·ÜÚÑ��o� Hartree�§7Å)��35�;�­½5

iψt −∆2ψ + µ∆ψ + (|x|−γ ∗ |ψ|2)ψ = 0,

Ù¥ 0 < γ < 4, µ ∈ R, ψ = ψ(t, x) : R × Rd → C ´E�¼ê. 3 L2-g�.�¹e, ÄuÅ/©

)Ú2Â Gagliardo-NirenbergØ�ª, y²
T�§7Å)��35�;�­½5.

'�c

Å/©)§7Å)§;�­½5

Existence and Stability of Standing Waves
for the Fourth-Order Hartree Equation with
Mixed Dispersion Terms

Chunyang Yan

College of Mathematics and Statistics, Northwest Normal University, Lanzhou Gansu

Received: Jun. 25th, 2024; accepted: Jul. 27th, 2024; published: Aug. 19th, 2024

©ÙÚ^: ôS�. �·ÜÚÑ��o�Hartree�§7Å)�[J]. nØêÆ, 2024, 14(8): 80-92.
DOI: 10.12677/pm.2024.148307

https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2024.148307
https://www.hanspub.org
https://doi.org/10.12677/pm.2024.148307


ôS�

Abstract

In this paper, we study the existence and orbital stability of standing waves for the

fourth-order Hartree equation with mixed dispersion terms

iψt −∆2ψ + µ∆ψ + (|x|−γ ∗ |ψ|2)ψ = 0,

where 0 < γ < 4, µ ∈ R, ψ = ψ(t, x) : R× Rd → C is the complex-valued wave function. In

the L2-subcritical case, based on the generalized Gagliardo-Nirenberg inequality and

the profile decomposition, we prove existence and orbital stability of standing waves

for this equation.
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1. Úó9Ì�(J

�©Ì�ïÄ
Xe�k·ÜÚÑ��o� Hartree�§7Å)�;�­½5{
iψt −∆2ψ + µ∆ψ + (|x|−γ ∗ |ψ|2)ψ = 0, (t, x) ∈ R× Rd,
ψ(0, x) = ψ0(x) ∈ H2,

(1.1)

Ù¥ 0 < γ < 4, µ ∈ R, ψ = ψ(t, x) : R×Rd → C´E�¼ê. o� Hartree�§Äk´d{IÔn

Æ[David M.Dennison 3 1967 cJÑ. � 20 ­V 80 c�, <�m©|^ê��[�{ïÄ�·

ÜÚÑ��o� Hartree�§7Å)�;�­½5. 20 ­V 90 c��8, �5�õ�Æöm©ï

Äùa�§, ,
, éuùa�§, Ù7Å)�;�­½5¯K��´��]Ô. §�9���5Å

Ä, ÚÑÚ��5�p�^�õ��¡, éu�\n)��5Ôny�Ú)û¢S¯Käk­�¿

Â. Hartree.��5Å½��§�2�^u£ãõ«�Æy�, �)õNþfXÚ�²þ|4�Ä

åÆÚ��N�¬�¥�þf$Ñ�, �©z [1,2]. d	, �·ÜÚÑ��o� Hartree.�§3-
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10�DÂnØ, ��éØÀÚf�fÚ©f�XÚ�þfnØ¥kX­��A^. Cc5, 3©

z [3–5]¥ Hartree�§®²��
2��ïÄ.

Karpman�<3©z [6, 7]¥ÏLÚ\o�Å½��§, ïÄ
o�ÚÑ�ér-13N0�

¥DÂ�K�. éu�·ÜÚÑ��VNÚ��5Å½��§, Fernández�<3©z [8]¥ïÄ


ÛÜ4����35, 
 Luo3©z [9]¥y²
7Å)��35�;�­½5. Cho�<3©

z [10]¥ïÄ
� Hartree��©ê�Å½��§�ÛÜ)Ú�Û)��3��5, FengÚ Zhang

3©z [11]¥ïÄ
Ù7Å)�­½5. éu�·ÜÚÑ��o� Hartree�§7Å)�;�­½

56��vkÆöïÄ, �3±þïÄó�Ä:�þ, �©Ì�ïÄ�§ (1.1)3 L2g�.�¹e,

7Å)��359;�­½5, Ì�WÖ
� µ �K� γ ∈ (0, 4) �o� Hartree�§Ä�)´Ä

�3��x.

�§ (1.1)�7Å)´/X ψ(t, x) = eiωtu(x)�), Ù¥ ω ∈ R´ªÇ, u ∈ H2(Rd)´÷vX
eý��§��²�)

∆2u− µ∆u+ ωu− (|x|−γ ∗ |u|2)u = 0. (1.2)

�§ (1.2)��^�¼ÚUþ�¼©O½Â�:

Sω(u) := E(u) +
ω

2
‖u‖22,

Eµ(u) :=
1

2

∫
Rd
|∆u|2dx+

µ

2

∫
Rd
|∇u|2dx− 1

4

∫
Rd

∫
Rd

|u(x)|2|u(y)|2

|x− y|γ
dxdy. (1.3)

3 µ < 0��¹e, �
ïÄ Cauchy¯K (1.1)7Å)�;�­½5, $^ CazenaveÚ Lions3©

z [12]¥��{, �Ä4�z¯K

Aµ := inf
u∈B1

Eµ(u), (1.4)

Ù¥ B1 := {u ∈ H2|
∫
|u|2dx = 1}. ½Â4�z¯K (1.4)�)8�

Qµ := {u ∈ B1 : Eµ(u) = Aµ}, (1.5)

dd��, é?¿ u ∈ Qµ, �3 υ ∈ R¦� (u, υ)´ý��§ (1.2)�).

½Â 1.1eé?¿ ε > 0, �3 δ > 0¦�é?¿�Ð� ψ0÷v

inf
u∈Qµ

‖ψ0 − u‖H2 < δ,

�§ (1.1)± ψ0�Ð��) ψ(t, x)÷vé¤k� t ≥ 0¦�

inf
u∈Qµ

‖ψ(t, x)− u‖H2 < ε,

K¡8Ü Qµ´;�­½�.

½n 1.2� γ ∈ (0, 4), µ ∈ R, ÷ve�^���:
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(1) 0 < γ < 2, ∀µ ∈ (0,+∞);

(2) 2 ≤ γ < 4, ∀µ ∈ (0, µ0);

(3) 0 < γ < 4, µ = 0;

(4) 0 < γ < 4, ∀µ ∈ (−ξ0, 0), Ù¥ξ0 := ξ0(γ, d, ‖Q‖2) > 0.

K8Ü Qµ 6= ∅�)´;�­½�.

½n 1.2L², éu·�� µ ∈ R, e 0 < γ < 4, µ ∈ (−ξ0, 0), K Cauchy¯K (1.1)�3;�­

½�Ä�. T(J (1)-(3)�©z [13–15]¥�(Jaq, �y²�{%ØÓ, �©Ì�A^Å/©)

5?n (1)-(4)�¤k�¹, 
¦^þãë�©z¥��{Ã{����T(Ø.

Grard3©z [16]¥ÄgJÑ
Å/©)�Vg. HmidiÚ Keraani3©z [17]¥|^ H1 �

m¥k.S��Å/©)ïÄ
²;����5Å½��§, Zhu�<3©z [18]¥��
 H2 �

m¥k.S��Å/©)(J.

�©�|�(�Xe: 31 2!¥, ·�Ì��ã
 Cauchy¯K (1.1)�ÛÜ·½5Ú H2 �

m¥�Å/©), ¿ÏLïá�
Ð�5��2Â Gagliardo-NirenbergØ�ª��Z~ê. 31 3

!¥, ·�Ì�?Ø
 L2-g�.�¹e7Å)��35Ú;�­½5.

2. ý��£

3�©¥,
∫
h(x)dxL« h3 Rd þ�V��È©, Lp := Lp(Rd), 1 ≤ p ≤ +∞´äkIO�

ê ‖ · ‖p�V���m, H2(Rd)L«äk�ê ‖v‖H2 = (‖4v‖22 + ‖v‖22)
1
2 � Sobolev�m.

Ún 2.1 (ÛÜ·½5 [19] )� ψ0 ∈ H2, 0 < γ < 4, K�3 T = T (‖ψ0‖H2), ¦� Cauchy¯K

(1.1)�3��) ψ ∈ C([0, T );H2). � [0, T )´) ψ(t, x)�4��3«m, e T <∞, � t→ T �,

k ‖ψ(t, ·)‖H2 →∞. d	, é¤k� t ∈ [0, T ), ψ÷v±eÅð½Æ

(i)�þÅðµ

M(ψ) = ‖ψ(t, ·)‖22 = ‖ψ0‖22 = M(ψ0),

(ii)UþÅðµ

Eµ(ψ) =
1

2

∫
Rd
|∆ψ|2dx+

µ

2

∫
Rd
|∇ψ|2dx− 1

4

∫
Rd

∫
Rd

|u(x)|2|u(y)|2

|x− y|γ
dxdy = Eµ(ψ0).

Ún 2.2 ( Hardy-Littlewood-SobolevØ�ª [20] ) � p > 1, s > 1, 0 < γ < 4, u ∈ Lp(Rd),
v ∈ Ls(Rd), K�3��~ê C(γ, d, p, s)÷v∣∣∣∣∫

Rd

∫
Rd

u(x)v(y)

|x− y|γ
dxdy

∣∣∣∣ ≤ C(γ, d, p, s)‖u‖Lp(Rd)‖v‖Ls(Rd), (2.1)

Ù¥ 1
p

+ 1
s

+ γ
N

= 2.

Ún 2.3 (Å/©) [9] ) � {vn}+∞n=1´�mH2¥���k.S�, K�3{vn}+∞n=1���fS
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�(EP� {vn}+∞n=1 ), 3 Rd¥�S� {xtn}+∞t=1 Ú H2¥�¼ê� {V t}+∞t=1 ¦�

(i)é?¿ k 6= j, � n→ +∞�, |xkt − xtn| → +∞;

(ii)é?¿ l ≥ 1,

vn =
l∑
t=1

V t(· − xtn) + rln, (2.2)

� l→ +∞�,

lim sup
n→+∞

‖rln‖q → 0, (2.3)

Ù¥ q ∈
(
2, 2d

(d−4)+
)
. d	, � n→ +∞�, Kk

‖vn‖22 =
l∑

j=1

‖V t‖22 + ‖rln‖22 + on(1), (2.4)

‖∇vn‖22 =

l∑
t=1

‖∇V t‖22 + ‖∇rln‖22 + on(1), (2.5)

‖∆vn‖22 =

l∑
t=1

‖∆V t‖22 + ‖∆rln‖22 + on(1), (2.6)

‖
l∑
t=1

V j(x− xtn)‖qq =

l∑
t=1

‖V t(x− xtn)‖qq + on(1), (2.7)

Ù¥, � n→ +∞�, on(1)→ 0.

Ún 2.4 ( Gagliardo-NirenbergØ�ª [4] ) � 0 < γ < 4, K∫
Rd

∫
Rd

|u(x)|2|u(y)|2

|x− y|γ
dxdy ≤ Cγ ||u||

8−γ
2

2 ||∆u||
γ
2
2 , (2.8)

Ù¥

Cγ =
8

8− γ

(8− γ
γ

) γ
4 1

‖Q‖22
.

Q´Xeý��§�Ä�)

∆2Q+Q− (|x|−γ ∗ |Q|2)Q = 0.

AO/, 3 L2-�.��/e, =: � γ = 4�, �Z~ê� Cγ = 2 1
‖Q‖22

.

�e5, 3�þg�.��¹e, �â±þÚn, ·��±ÏL�Ä4�z¯K (VP)5ïÄ�

§ (1.1)7Å)��35Ú­½5, =y²8Ü Qµ ´����;�­½�. ,
, �©z [13–15]�

', Ï��§ (1.1)¥�k Hartree� (|x|−γ ∗ |ψ|2)ψ, ��?Û4�zS�ÑéJkÂñ�f�, �

·�|^Å/©)�¼�4�z¯K (VP)�¤k4�zS��;5, l
y²7Å)��35.
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3. L2-g�.�¹e7Å)�;�­½5

� µ ∈ R, 0 < γ < 4, ½Â4�z¯K (VP)�

Aµ = inf
v∈B1

Eµ(v),

Ù¥ Aµ 6= −∞. �âØ�ª (2.8), é?¿ v ∈ H2, k

Eµ(v) =
1

2
‖∆v‖22 +

µ

2
‖∇v‖22 −

1

4

∫
Rd

∫
Rd

|u(x)|2|u(y)|2

|x− y|γ
dxdy

≥ 1

2
‖∆v‖22 +

µ

2
‖∇v‖22 − Cγ‖v‖

8−γ
2

2 ‖∆v‖
γ
2
2 .

(3.1)

� µ > 0�, (3.1)ª�z�

Eµ(v) ≥ 1

2
‖∆v‖22 − Cγ‖v‖

8−γ
2

2 ‖∆v‖
γ
2
2 . (3.2)

� µ < 0�, du ‖∇v‖22 ≤ ‖∆v‖2‖v‖2, K�§ (3.1) �L«�

Eµ(v) ≥ 1

2
‖∆v‖22 +

µ

2
‖∆v‖2‖v‖2 − Cγ‖v‖

8−γ
2

2 ‖∆v‖
γ
2
2 , (3.3)

5¿�, � 0 < γ
2
< 2�, dþªíÑ Aµ 6= −∞. Ïd, 4�z¯K (VP)´k¿Â�.

3¦)4�z¯K (VP)�c, ÏLéÚn 3.1ÚÚn 3.4�ïÄ�y² Aµ�5�.

Ún 3.1� 0 < γ < 4, K� µ ∈ R�, Aµ´�~��??ëY.

y²é?¿� µ1, µ2 ∈ R, u ∈ B1, µ1 < µ2, Kk Eµ1
(u) < Eµ2

(u). �â Aµ �½Â��, k

Aµ1
≤ Aµ2

. Ïd, Aµ´�~�.

ey Aµ´??ëY�. é?¿ µn → µ−, � n→ +∞�, k Aµn → Aµ. é?¿ n ∈ N , d Aµ

�½Â�, �3 un ∈ B1¦�

Aµ ≤ Eµn(un) < Aµn +
1

n
< Aµ +

1

n
. (3.4)

�â (3.1)ª9 ‖∇un‖22 ≤ ‖∆un‖2‖un‖2, K {un}∞n=13 H2¥k..

Aµ ≤ Eµ(un) = Eµn(un) + [Eµ(un)− Eµn(un)]

= Eµn(un) +
µ− µn

2
‖∇un‖22

≤ Aµn +
1

n
+
µ− µn

2
‖∇un‖22

< Aµ +
1

n
+
µ− µn

2
‖∇un‖22.

Ïd, � µn → µ− �, Aµn → Aµ. aq/, �y²� µn → µ+ �, Aµn → Aµ, Ké?¿u ∈ R, Aµ

´??ëY�.
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Ún 3.2� γ > 2, é?¿ µ ∈ R, K Aµ ≤ 0.

y²�½ v0 ∈ B1, é?¿ λ > 0, -

vλ(x) := λ
d
2 v0(λx), (3.5)

K vλ ∈ B1,

Eµ(vλ) =
λ4

2
‖∆v0‖22 +

µλ2

2
‖∇v0‖22 −

λγ

4

∫
Rd

∫
Rd

|v0(x)|2|v0(y)|2

|x− y|γ
dxdy. (3.6)

Ïd, �â (3.6)ª9 Aµ�½Â, Kk Aµ ≤ lim
λ→0+

Eµ(vλ) = 0.

Ún 3.3� 0 < γ < 4, µ > 0, K'u Aµ�e�5�¤áµ

(i)é?¿ µ > 0, e 0 < γ < 2, Kk Aµ < 0,

(ii)e 2 ≤ γ < 4, -

µ0 := sup{µ > 0 | Aµ < 0}, (3.7)

K� 0 < µ0 < +∞�, {
Aµ < 0, 0 < µ < µ0,

Aµ = 0, µ > µ0.

y²�½ µ > 0, d (3.5)ª9 (3.6)ª, Kk

Eµ(vλ)

λγ
=
λ4−γ

2
‖∆v0‖22 +

µλ2−γ

2
‖∇v0‖22 −

1

4

∫
Rd

∫
Rd

|v0(x)|2|v0(y)|2

|x− y|γ
dxdy. (3.8)

e 0 < γ < 2, K 2− γ > 0. d (3.8)ª��, �3 λ0 > 0 v
�, ¦� Aµ ≤ Eµ(vλ0) < 0. Ïd, (i)

�y.

e 2 ≤ γ < 4, - λ =
√
µ, K (3.8)ªL²

Eµ(vλ)

µ
γ
2

=
µ

4−γ
2

2
‖∆v0‖22 +

µ
4−γ
2

2
‖∇v0‖22 −

1

4

∫
Rd

∫
Rd

|v0(x)|2|v0(y)|2

|x− y|γ
dxdy.

e µ > 0v
�, K Aµ < 0. d µ0�½Â��, µ0 > 0. � µ > 0v
��, Aµ = 0.

Ún 3.4� 0 < γ < 4, é?¿ µ ≤ 0, k Aµ < 0.

y²é?¿� µ ≤ 0, �½ v0 ∈ B1, ½ÂC� vλ = λ
d
2 v0(λx), é?¿ λ > 0, k vλ ∈ B1. du

µ ≤ 0, Kk

Eµ(vλ) ≤ λ4

2
‖∆v0‖22 −

λγ

4

∫
Rd

∫
Rd

|v0(x)|2|v0(y)|2

|x− y|γ
dxdy. (3.9)

d (3.9)ª��, �3��=�6u γ, v0�~ê λ0 > 0, ¦�Eµ(vλ0) < 0, K Aµ < 0.

�e5, �âÚn 3.1-3.4, 2A^ H2�m¥�Å/©)�{5y²7Å)��35.

·K 3.5� 0 < γ < 4, µ ∈ RÚ Aµ ÷v µ ≥ 0, Aµ < 0½�3 ξ0 := ξ0(γ, d, ‖Q‖2) > 0, ¦
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�−ξ0 < µ < 0, K Aµ �?¿4�zS�3 H2 Ñäk;5, ��3 u ∈ B1, ¦� Aµ = Eµ(u), =

Qµ 6= ∅.

y²ky² µ ≥ 0, Aµ < 0��¹. �{vn}∞n=1 ⊂ B1´?¿S�, � n→ +∞�, ÷v

Eµ(vn)→ Aµ. (3.10)

� n→∞�, k Aµ ≤ Eµ(vn) < Aµ
2
< 0,

1

4

∫
Rd

∫
Rd

|vn(x)|2|vn(y)|2

|x− y|γ
dxdy = −Eµ(vn) +

1

2
‖∆vn‖22 +

µ

2
‖∇vn‖22 ≥ −

Aµ
2
> 0. (3.11)

ÏL Hölder’sØ�ª, K {vn}∞n=1 ⊂ B1 3 Lq ¥���5¤á. d	, 3 H2 ¥, e 0 < γ < 4, d

(3.2)ª9 (3.10)ª�, {vn}∞n=1k..

�e5, dÚn 2.3�, �3 {vn}∞n=1���fÂñf� (EP�{vn}∞n=1), ¦�

vn =

l∑
t=1

V t(· − xtn) + rln. (3.12)

� q ∈ (2, 2d
(d−4)+ )�, k lim

l→+∞
lim sup
n→∞

‖rln‖q = 0. r (3.12)ª�\Uþ�¼�

Eµ(vn) =

l∑
t=1

Eµ(V t(x− xtn)) + Eµ(rln) + on,l(1), (3.13)

Ù¥ lim
l→+∞

lim
n→∞

on,l(1) = 0. du {vn}∞n=1 ⊂ B1, ¿����5¤á, �b�é?¿ l ≥ 1, �

1 ≤ t ≤ l�, k ‖V t(x− xtn)‖2 6= 0. �â©z [17]¥ Lion’s��5Únb�,

V t
λt

= λtV
t(x− xtn), λt =

1

‖V t‖2
6= 0.

K ‖V t
λt
‖2 = 1, ¿�k

Eµ(V t
λt

) = λ2
tEµ(V t(x− xtn))− λ2

t (λ
2
t − 1)

4

∫
Rd

∫
Rd

|V t(x− xtn)|2|V t(y − ytn)|2

|x− y|γ
dxdy,

Eµ(V t(x− xtn)) =
1

λ2
t

Eµ(V t
λt

) +
λ2
t − 1

4

∫
Rd

∫
Rd

|V t(x− xtn)|2|V t(y − ytn)|2

|x− y|γ
dxdy. (3.14)

aq/, - V l
n = rln

‖rln‖2
, Kk

Eµ(V l
n) =

1

‖rln‖22
Eµ(rln)− 1

4‖rln‖22

(( 1

‖rln‖2

)2
− 1

)∫
Rd

∫
Rd

|rln|2|rln|2

|x− y|γ
dxdy,

Eµ(rln) = ‖rln‖22Eµ(V l
n) +

(
1

‖rln‖2

)2
− 1

4

∫
Rd

∫
Rd

|rln|2|rln|2

|x− y|γ
dxdy ≥ ‖rln‖22Eµ(V l

n). (3.15)
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,��¡, d Aµ�½Â��,

Eµ(V t
λt

) ≥ Aµ, Eµ
( rln
‖rln‖2

)
= E(V

l
n) ≥ Aµ. (3.16)

Ó�, ��
l∑
t=1

‖V t(x− xtn)‖22´Âñ�, K�3 t0 ≥ 1¦�

inf
t≥1

λ2
t − 1

4
=

1

4

( 1

‖V t0‖22
− 1
)
, (3.17)

ò (3.14)-(3.17)ª�\ (3.13)ª�,

Eµ(Vn) ≥
l∑
t=1

Aµ
λ2
t

+ inf
t≥1

λ2
t − 1

4

(
l∑
t=1

∫
Rd

∫
Rd

|V t(x− xtn)|2|V t(y − ytn)|2

|x− y|γ
dxdy

)
+ ‖rln‖22Eµ(V l

n) + on,l(1)

≥
l∑
t=1

Aµ
λ2
t

+ ‖rln‖22Aµ +
C0

4

( 1

‖V t0‖22
− 1
)

+ on,l(1)

= Aµ +
C0

4

( 1

‖V t0‖22
− 1
)

+ on,l(1)

(3.18)

Ù¥ C0´Ø�6u n, l�~ê. - (3.18)ª¥� n, l→ +∞, Kd (3.10)ª��

C0

4

( 1

‖V t0‖22
− 1
)
≤ 0,

�7k ‖V t0‖22 ≥ 1. �§ (2.4)L²3©)ª (3.12)¥�3�� V t0 6= 0, ¦� ‖V t0‖22 = 1. ù¿�

X, � n→ +∞�, ‖vn‖2 → ‖V t0‖2, ‖rln‖2 → 0. �y² ‖vn‖2 → ‖∆V t0‖2, d (3.13)ª9 (2.3)ª

�,

Eµ(vn) = Eµ(V t0) +
1

2
‖∆rt0n ‖22 +

µ

2
‖∇rt0n ‖22 + on(1). (3.19)

d Aµ�½Â, µ ≥ 0��½59 (2.6)ªÚ (3.19)ª��,

Eµ(V t0) = Aµ = lim
n→+∞

Eµ(vn), lim
n→+∞

‖∆rt0n ‖2 = lim
n→+∞

‖∇rt0n ‖2 = 0, lim
n→+∞

‖∆vn‖2 = ‖∆V t0‖2.

Ïd, d (2.2)ª��, {vn}3 H2 ¥fÂñÚ�êÂñ‖vn‖H2 → ‖V t0‖H2 , l
3 H2 ¥, vn(x +

xt0n )→ V t0 , Eµ(V t0) = Aµ. dd�±`²� µ ≥ 0�, 4�z¯K (VP)�4���±3 V t0 ?�

�.

ey µ < 0��¹. �âÚn 3.3��, é?¿ µ < 0, Aµ < 0. � {vn}+∞n=1 ⊂ B1 ´ Aµ �?¿

4�zS�, d (3.3)ª�, {vn}+∞n=13H2¥k.. Ø���5, b� {vn}+∞n=1 ⊂ B13H2¥fÂñ,

��3~êξ0 := ξ0(γ, d, ‖Q‖2) > 0. � ξ0 < µ < 0�, �3 C0, ¦� {vn}+∞n=1���5¤á, =∫
Rd

∫
Rd

|vn(x)|2|vn(y)|2

|x− y|γ
dxdy ≥ C0 > 0. (3.20)
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¯¢þ, d (2.8)ª��,

Eµ(u) ≥ 1

2
‖∆u‖22 +

µ

2
‖∇u‖2 − Cγ‖∆u‖

γ
2
2 . (3.21)

é?¿ k > 0, y ≥ 0, -

gk(x) =
1

2
x2 − k

2
x− Cγx

γ
2 . (3.22)

Kk gk(0) = 0, ¿� 0 < γ
2
< 2. ½Â A0 := inf

u∈B1

Eµ(u), �âÚn 3.4��, A0 < 0, K�3���

~êx1,k := x1,k(γ, d, ‖Q‖2) > 0, x2,k := x2,k(γ, d, ‖Q‖2) > 0, x1,k < x2,k, ¦�

A0 > gk(x)⇐⇒ x ∈ (x1,k, x2,k).

½Â

ξ0 := sup
k>0

(min{k, x1,k}), (3.23)

�â k 7→ min{k, x1,k} �ëY5, � −ξ0 < µ < 0, d ξ0 �½Â��, �3 k0 ¦� −ξ0 <

min{k0, x1,k0} < µ < 0. du{vn} ⊂ B1´ Aµ�4�zS�, K�â (3.21)ª�

A0 > Aµ = Eµ(vn) + on(1)

≥ 1

2
‖∆vn‖22 −

k0
2
‖∆vn‖2 − Cγ‖∆vn‖

γ
2
2 + on(1)

= gk0(‖∆vn‖2) + on(1).

� n→∞�, on(1)→ 0, KA0 > gk0(‖vn‖2), l
 ‖∆vn‖2 > x1,k0 > 0. e−ξ0 < µ < 0, Kk

1

4

∫
Rd

∫
Rd

|vn(x)|2|vn(y)|2

|x− y|γ
dxdy ≥ 1

2
‖∆vn‖2(‖∆vn‖2 + µ)− Aµ

2

≥ 1

2
(y1,k0 + µ)‖∆vn‖2 −

Aµ
2

≥ −Aµ
2
> 0,

Ïd, {vn} ⊂ B1 ����5¤á. 3 (3.20)ª¥, � n → +∞�, K ‖∆vn‖2 → ‖∆V j0‖2. du
µ < 0, Kk

Eµ(vn) ≥ Eµ(V t0) +
1

2
‖∆rt0n ‖22 +

µ

2
‖∆rt0n ‖2‖rt0n ‖2 + on(1) = Eµ(V t0) +

1

2
‖∆rt0n ‖22 + on(1).

Ù¥ ‖∆rt0n ‖2‖rt0n ‖2 → 0, du ‖∆rt0n ‖2k.� ‖rt0n ‖2 → 0, ��

Eµ(V t0) = Aµ = lim
n→+∞

Eµ(vn), lim
n→+∞

‖∆rt0n ‖2 = 0, lim
n→+∞

‖∆vn‖2 = ‖∆V t0‖2.

�â {vn}3 H2 ¥fÂñ, Kk vn(x + xt0n ) → V t0 . nþ¤ã, ©O3 µ ≥ 0Ú µ < 0��¹e,

4�z¯K (VP)�4��þ�±3 V t0 ?��. Ïd, ½n�y.
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±e, òy²7Å)�;�­½5.

½n 1.2�y²½Â ψ(t) = ψ(t, ·), e µ ∈ R, 0 < γ < 4, K {‖ψ(t)‖2H2}é¤k� t ∈ I k..

�âÚn 2.1��, �§ (1.1)�) ψ3�mþ�Û�3. �
y²þã(Ø, ò?Ø±eü«�/.

�/(i): µ ≥ 0. d (2.8)ªÚÚn 2.1��, é?¿ t ∈ I, �0 < ε < 1
2
�, k

Eµ(ψ0) = Eµ(ψ) =
1

2
‖∆ψ(t)‖22 +

µ

2
‖∇ψ(t)‖22 −

1

4

∫
Rd

∫
Rd

|ψ|2|ψ|2

|x− y|γ
dxdy

≥ 1

2
‖∆ψ(t)‖22 +

µ

2
‖∇ψ(t)‖22 − Cγ‖ψ(t)‖

8−γ
2

2 ‖∆ψ(t)‖
γ
2
2

≥ (
1

2
‖∆ψ(t)‖22 − Cγ(ε, γ, d, ‖ψ0‖2).

Ïd, {‖ψ(t)‖2H2}é¤k� t ∈ I Ñk..

�/(ii): µ < 0. aq/, é?¿ 0 < ε < 2
4−µ , k

Eµ(ψ0) = Eµ(ψ) ≥ 1

2
‖∆ψ(t)‖22 +

µ

2
‖∇ψ(t)‖22 − Cγ‖ψ(t)‖

8−γ
2

2 ‖∆ψ(t)‖
γ
2
2

≥ (
1

2
+
µε

4
− ε)‖∆ψ(t)‖22 +

µ

4ε
‖ψ0‖22 − Cγ(ε, γ, d, ‖ψ0‖2).

Ù¥ 1
2

+ µε
4
− ε > 0, �é?¿ t ∈ I, {‖ψ(t)‖2H2}k.. Ïd, ψ3�mþ�Û�3.

�e5, b�½n�(ØØ¤á, = Qµ Ø´;�­½�, K�3ε0 > 0ÚÐ©S� {ψn0 }+∞n=1,

¦�

inf
u∈Qµ

‖ψn0 − u‖H2 <
1

n
, (3.24)

�3��S� {tn}+∞n=1, ¦�éA)S�{ψn(tn)}+∞n=1÷v

inf
u∈Qµ

‖ψn(tn)− u‖H2 ≥ ε0, (3.25)

dÅð½Æ��, � n→ +∞�, k{
‖ψn(tn)‖22dx = ‖ψn0 ‖22 → ‖u‖22 = 1,

Eµ(ψn(tn)) = Eµ(ψn0 )→ Eµ(u) = Aµ.

� ϕn(tn) := λn · ψn(tn), λn = 1
‖ψn(tn)‖2 , K ϕn(tn) ∈ B1, λn → 1. AO/, {ψn(tn)}+∞n=1 ´ Aµ ��

�4�zS�. dÚn 3.3ÚÚn 3.5�íÑ, 3½n 1.2�b�e, �3��4��: ρ ∈ B1, ¦

� ‖ϕn(tn) − ρ‖H2 → 0. ùL²� n → +∞�, k ‖ψn(tn) − ρ‖H2 → 0, ù� (3.25)ªgñ. Ïd,

Qµ ´;�­½�.

Ä7�8
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