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o =

W F AR D N —EITAEE, a(2)(Z0), a(z)Mb(z) AR D AMEAEE. Ha(z) =0
B, f(2) # cco ST FHRHE—NEE f AERBEKE (k> 4), HBRE f'(2)+a(2)f(2)—a(2)f*(2)—
b(2) EX D AEZ B 1 NES(ZAEER), N FE D AEM.
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Abstract

Let F be a family of meromorphic functions on a domain D, a(z)(# 0), a;(z) and b(z) are
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holomorphic functions on D. If k is a positive integer and k > 4, VfeF, f(z) # oo when
a(z) = 0, f'(2) + a1(2)f(2) — a(2) f*(2) — b(z) has at most 1 zeros (ignoring multiplicity),
then F is normal on D.

Keywords

Meromorphic Function, Normal Criterion, Zero Numbers

Copyright (© 2024 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. 5|5

FER 7 T B TR, S A0 R AU (1 1R U — MR B B AT TR, MR PR A e 7
ZX Montel T-20 1 LI H 1, bRy AT A9 51 A% ) R BORFR W IERUR.  IE AU EE 18 B Nevanlinnas
ST FR) T2 R HIE 20 AT B8 9 B, JF H Nevanlinnaff 73 A BAG 17 A AR IEMURBAR A T AR
J&, WL T Vr 2 E 2 IERUE N, WMarty. Miranda lE#LE W4E. 1967 47, HaymanfE SCHR [1]+42
N TR R

FEA WFNXED AN REAERE, a(£0),b W NERER. 5T Fhrsg A%
Bof FIEBE Kk (k>5), Vf € F, 2 f'(2) —aff(z) # b, W FLEDHNIEM.

AR CEHEZ NIEW. 245 81k, X4 RO T 78y BAMGE. MEREEIE T
# B [2], C[3].

EEB BFNK®D MM LR, a(z)(z 0), blz) J9K KD K i 4 4 5.
Wa(z) = O, 7 f(2) # oo KT FREE—AEE fRESE K (k> 4), W

f'(2) = a(2) f*(2) # b(2)

W F £ D NIEFL.

FEC WFNXED N —REARE, a(2)(Z0), ai(z) M b(z) XKD A #4268 4.
Halz) =00, F f(z) #oco. XT Frifidg— e f MIERE L (k> 4), WL

f'(2) + a1(2) f(2) = a(2) f*(2) # b(z),

W F A D A IERL.
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INSCHEIE R 7RI E D [4].

EED WFAXED AR R4 R, a(z)(Z 0) Mb(z) NIXIHD P44l of £
a(z) =00, f(z)# oo. T FofR— B f MIERE L (k> 4), W2 f'(2) — alz)f*(z) —
b(2) TEXIE D WEZH 1AF R, W FAE D NIEHL.

GEEE B, C. D, %M “f(2)+ai(2)f(2) —a(2)ff(2) —b(:) TEXIE D NEZH1ANF R
FE AR ALY AR SCRBI S AN [ IR R | — R 45

EFI1 WFNXED WM B R, a(z)(Z 0), ai(z) Fb(z) NIXIE D A K44l %
Ma(z) = 0B, f(2) # oco. WT FHMBG—DREf MIEEE L (k> 4), 2 f/(2) + ai(2) f(2) —
a(2)ff(z) —b(2) fEXI D NEZH 1 ANE S (BISEL), N FLE D NIEM.

FE1 OAXH, A6 > 0,180 = {z: 2| <8}, A ={z: ]z <&}, A={z:|z] <1},
A ={z:0<|z| <1}. HEXEBDA, f.(2) 2 f(2) T {fu(2)} £ D A IEREE A H— S0 8L
B f(2), fo(z) = f(2) BIR{fn(2)} FEDWIZ Euclid B2 N F—B0ELE] f(2).

2. 5|3

T IEBASC g, A7 R 4 5 3.
Bl 1 [5-7] RFAXEDNM—ERLRL, ST H—AfeF, fHESEREDSNE,
TAE—AMA> L fEBLf € FRF(z) =0 M, |fW()] < A HFIEDH Rz FIEH, N
X —1<a <k, fF1E
1) %l 2, € D, 2z, — 20;
2) F kg f,;
(3) IEHUFH p,, — 0F;
R RHT] 6,(C) = p®Fulzn + puC) TEE T C b 45 BRI YA 55 — B8 3 — AN 3 H 5 7 40
o), HESEHEDNE, HiL g®(¢) <g®(0) =kA+1 Hg(Q) IREZR2 (g¥(¢) FnER
T S:4%).

5132 [8] W fEMNAEFIEBWALRKE, kREIEE, RE-DMERNOMZIN. & f

(
(

SI33 9] Bf2ANHFLEBREAmE F2IEER HNELELY> E+1,
W —1ETIFHZANEA.

5134 [10] B fR-ADIFELCHERE, k2B HATFAESSY > k+2, raths
BRI >3, M R — 1 BAF 2ANF A

5135 [11] W fR-ADEHHLARE, £ > 42 PDEBE, o # 02— DEHREE,
W f = af*(z) E0H 2N ARE AL

S 6 [12] B QEZMEHEAAHERE, m, k2R, FQMEFMELY > k+2, HER
WRRE LI > 2 (B 2 = 04h), MERFE C EQW(2) =2 AR
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SIEET [13] ®fR—NHERE m kLW PNEEY EXT2e C, fAf(z) £0, HX
Fotz, B W) #£2m, Kz e O, N f(z) &—NEEL

S8 W F AXILD N —ETARE, a(2)(#0), ai(2),...,ar_1(2) B b(z) AXIK D HH)
LA W T F hE A RS REEEE (k> 4), 1)+ S0 ai(2) fa' (2) — a(2) £.5(2) —
b(z) BZAIANEA, WM FLED WIERM.

IERR B FAE 2 € DAEAIER. H51 B, £ [, € F, 20 — 20, pn = 01, 15 9,.(¢) =
P fu(z + paQ) FEEFIH C _EAEEREE P A —BURSKE] — AR B AR $L G (C) . BT

k—1 ] ‘ X
g:z(g) + an%ai(zn + pnC)g;(C) - a(zn + pnC)QS(C) - pnﬁb(zn + png)

—
! k—1

=00 T [ (20 + pnC) + pn ™7 Y ai(20 + puC) fi(20 + puC)
=1

- pn%a(zn + pnC)fvlf(zn + pnC) - pn%b(zn + pnC) 7& 0.

RN g (C) + X8 00 T a5 (20 + aC) g0 (C) — alzn + paC)gE(C) — pu™Tb(zn + paC) 1E A FH g(C)
OB AR X P T — B8 T 9 (C) — al20)9%(€) -

#g'(C) —al20)g"(¢) = 0,0 g(¢) B—MEEREL. BN, Mk > 3,a(z) # OB, H
g | ) L1
G(Zo)) —T(T,g)+10g |CL(20)|
IR T(r,g) = S(r,g) . 1H2E, X5 g(¢) 2— M EEF LA R 0T & .

I, ¢'(€) — a(20)g"(¢) #0.
Wrs: B g (C) —alz0)g" () BEZH1IANEM.

HAR, R g (C) — alz0)d"(O) A2 MAFBE R (5 = 1,2). AGE—A 750/
M6, 6 >0, 18 DN Dy =0HH g () —alz0)g*() 7E Dy U Dy WER G, G ANEH HAE A&, H
H Dy ={C: ¢~ Gl <6}, Da={C: ¢~ G| <d}.

H Hurwizt €38, X TR0 KB n, FAER G — Gy Cuo — G fH 5

kT(r,g) = T(r,g*) = T(r,

<T(r,g)+5(r,g).

k—1
k—i .
fyll(zn + pnCn,l) + anﬁaz(zn + pnCn,l)f:L(Zn + pnCn,l)

=1

- CL(Zn + pnCn,l)frrlf(Zn + pnCn,l) - b<zn + pngn,l) =0

il

k—1
k—i .
fr/L(Zn + pnCn,2) + an k=1 ai(zn + pnCn,Q)frzL(Zn + pnCn,Q)

=1

- a<zn + pn(n,2)frl§(zn + pngn,Q) - b(zn + pngn,Z) =0
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&
zZ0 — 2
Cn,l = (n,2 = =

X5 DyNDy=0FE. Bk, Wi oL

MBS, B8 (C) — alz0)g*(Q) EVF 2AMEM, SWEFIE. Wik, FA£D EIEM.

3. EIE1HVIERA

JERR B 5l # S, AT H FEAUEM F Fa(z) WESLIEM. AGWRD = A, HHa(z) =
mp(2),z € A, Ffim > 1,0(0) = 1, LFE0 < |2] < LW a(z) #0.

X a(z) = OF, f(2) # 00 B f'(2) + a1(2)f(2) — a(2)f*(2) = b(=) BRI A HEZ A1
MR, W o hR + 25HE — amie — VEKIRA ARSI AE
AN

~

1
E:{%w*”:awﬁ*@ﬁ’
G MITEE SRR E—1. 052 g, NEDm BT, KW SRR E -1 8.

{8 Fy 76 2 = O R IEM. H31BE 1K1, 777E g, € Fi, 20 — 0, p — OF, {73

Gu(g) = 2t

PESTTE C bR Y P — SR — AR AR G () . G (Q) P IR KA 5
Rk — LH, 0/ G,(Q) MEAm B, LT ARSI,

THIE 1 Z—” — 00.

/ 1 '
) = |:pna(zn + puC) fE (20 + pnC)
N (N
a(zn + pnQ) fE(zn + pnC)  @®(zn + puC) fi 1 (20 + pu()
—(1—k) |: fr(Zn + puC) a1(2n + pnC) fr(2n + pnC)
a(zn + pnC) fE (20 + pnC) a(zn + pnC) fE (20 + puC)
+a k)[ b(z + pu€) _a1(zn + pnQ) fu(2n + pu)
a

(20 + PnC) fF (20 + pnC) a(zn + pnC) fE (20 + pnC)
a/(zn + PnC)

@ (zn 4 paQ)fE o+ Q)

B b(zn + pnC)
a(2n + puC) fE (20 + pnC)

i

) b(z, + pnC)
a(zn + Png)fnk(zn + pnC) ’
al(zn + pnC)fn(Zn + pnC)
= O e a0 £ T 9)
I — a'(zn + puC)
P a2(zn + puQ) FE (2 + pa0)

L=(1-
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EEE
I = a(zn + paQ)[(1 = B)b(2n + pnQ)]* pnGa(O))" = 0,
I2 = (1 - k)pnal(zn + pnC)Gn(C) = 07
m(zn + pnom_l‘P(zn + Pno + (zn + PnC)mSD'(Zn + PnC)

= Gn n

. (2n + PuC) (20 + pn() ©r

mpn P’ (20 + pnl)
ot pnCG"(C) ©(2 + pn) Gnl0) =0
NID]

X

GO —(1—k) = G(O)—(1—k)

WRGC)=1-k(#0), WG =(1-k(+C, CREH. HIk, G _£—RZHK, X
5GQ)mpraEsE k- 1ETAE.

R, G'(¢) 1 — k. KRG EE 8RR, ATHTUABRREIG () — (1 -k ZZ2H141MEA. HY
H3, GQ)&—MHERE. HIX55 8475,

THIE 2 Zf — o # oo. 4
Gn(Zn + pn(¢ — %))

1 m
A0 T

q)n(C) =

gl
©,(0) 2 ("G —a) = D(C)

TES P21 G(C — o) BINE S A M3 B ER T B B8 — BURSL. BN ©,(C) B (9% 5 RTHE 15 %8 /b

ek — 18, &, C=00H%EDmEMRA, Kk, &0)#£0.

o, = [Le0)

1y n(pad)
= 0= o k00

_ _ m fr/L(pnC) CL1(Pn§)fn(PnC) _ b(ﬁﬂC)
= (1= ) elpnd) [a<pn<>f::<pn<>+ PO fEpa0)  alpnO) FE(pnd)

m b(pn() . al(png)fn(pn<>
(1= R)e(onc) [a<pnc>ff;<pn<> a(pn0) IE(pn0)

i

IL=(1- k)(mw(pné)(m,
Iy =(1- k)me(PnoW-
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Lt=10- k)C%(mC)(M]
= a(paQ)[(1 — k)¢ 0 (puC)b(pn)]F [pnan@ - >] o
Is = (1= K)puC"@pn Q) (pn)Gn(C = =) = 0.
v LA

@, (¢) — (1 = E)C™p(pnC)

1 m fr/L(pnC) 011(Pn§)fn(PnC) . b(pnC) o

= (1=E)¢Tplond) [a<pn<>f::<pn<> Tl fE(0n0) ~ alpnC) i (onC) 1]
b(pn() . al(ﬁn()fﬂ(ﬂnC)

(PnQ) fE(PnC)  alpnC) fE(pnC)

+ (1 = k)" p(pnl) [a

= @'(0) — (1— k)™

K f’:L(Z) a1(z) fn(2) _ b(z) _ INE N / _ o
WH omm + Sore —ne — L EA EEZH AT FLLe(() - (1 -k)(mEA

EEZHINEFA

MR ') = (1 —k)¢™, MI() = {2+ C, Kb CR—ADHH. B, o) C 2D
A NEE AR M—ANES, WGEDE—1H, KL () =0, =0. FILLe0) =0
5 o(0) £ 07)E.

B, ®'(¢) 2 (1—k)¢™. XHEAC) - (1 —k)(mEAEEZHIANAEH BTk %
() — (1—k) (™A EEAFREA TR, BB 25, &) B REL.

fEI 2.1 ®'(C) # (1 — k)¢™. X552 6 7 )F.
6122 ®'(Go) = (1 = k)Gg" H{# G, FT0/(Q) # (1 — k)¢, g e .

B 2.21 WHRS(G) =0. HOQ WM AZFAED E—15H, Wd'(¢) =0. HI, (=0,
H®(0)#0F/E.

W 2.2.2 WP O(G) # 0, FAFIFERIT L.

2221 @) #0,( € C. MTFC#¢G, Q) # (1 —k)¢m, K¢ e . MFIETH, (C)
R—AHH, T,

1%2.22.2 2(¢) = 0, ¢ € C\{Go}, HT ¢ € CO\{Go}, @/(Q) # (1 —k)¢™, 531H 6 7 /&

Rk, Fy 720 AL IERL. T I FRATRIER] F 7E 0 4b IE#K.

MR Fy £ 0 AL IERLH. g,(0) = oo, FF1ES > OMETRFIEAs W gn(2)] > 1, #a(2)fi 1 (2)] < 1,
BIL, 78 As P fo(2) # 0o, THE, fu(2) 7F A 224l SO LU/, (1525 n B K, 7|2 <6

W la(z)| > % BATE
ﬁ - 2m+1 ﬁ _ )
= (5m) |2l = )

DOLI: 10.12677/pm.2024.147292 272 PR E

1

|fu(2)] = m



https://doi.org/10.12677/pm.2024.147292

SKET, MtRte

P SRS A Montel TERLSE WAL, 157€ F BOTBILE Ay WIEKR, B F 260 4 IEAL
EEUH

X AR EEE G TUH (12061077; 11961068); Hram4tE /R HIA X B AR #HEETTH (2022D01A217).

S 3CHR

[1] Hayman, W.K. (1967) Research Problems of Function Theory. Athlone Press of University of

London.

[2] Yang, J.H., Yang, Q. and Pang, X.C. (2019) A Normal Criterion Concerning Omitted Holo-
morphic Function. Acta Mathematica Sinica, English Series, 35, 1972-1978.
https://doi.org/10.1007/s10114-019-9058-1

(3] Bt P ¥ sy 22 U IE A E W BR 25 1 SR 2R 80 HE [J]. wh [H B2 7%, 2019,
49(10): 1439-1444.

[4] Sun, C. (2021) A Normal Criterion Concerning Zero Numbers. Rendiconti del Circolo Matem-
atico di Palermo Series 2, 72, 515-523. https://doi.org/10.1007/s12215-021-00636-4

[5] Pang, X. and Zalcman, L. (2000) Normal Families and Shared Values. Bulletin of the London
Mathematical Society, 32, 325-331. https://doi.org/10.1112/s002460939900644x

[6] Long, H. (1990) On Normal Criterion of Meromorphic Functions. Science in China Series A—
Mathematics, Physics, Astronomy € Technological Science, 33, 521-527.
https://doi.org/10.1360/yal1990-33-5-521

[7] Zhang, G., Pang, X. and Zalcman, L. (2009) Normal Families and Omitted Functions II.
Bulletin of the London Mathematical Society, 41, 63-71. https://doi.org/10.1112/blms/bdn103

[8] Fang, M.-L. (2001) Picard Values and Normality Criterion. Bulletin of the Korean Mathemat-
ical Society, 38, 379-387.

[9] Wang, Y. and Fang, M. (1998) Picard Values and Normal Families of Meromorphic Functions
with Multiple Zeros. Acta Mathematica Sinica, 14, 17-26. https://doi.org/10.1007 /bf02563879

[10] Chang, J. (2010) Normality of Meromorphic Functions Whose Derivatives Have 1-Points.
Archiv der Mathematik, 94, 555-564. https://doi.org/10.1007/s00013-010-0125-1

[11] Deng, B., Qiu, H., Liu, D. and Fang, M. (2013) Hayman’s Question on Normal Families
Concerning Zero Numbers. Complex Variables and Elliptic Equations, 59, 616-630.
https://doi.org/10.1080/17476933.2012.750307

[12] Pang, X., Yang, D. and Zalcman, L. (2003) Normal Families of Meromorphic Functions Whose
Derivatives Omit a Function. Computational Methods and Function Theory, 2, 257-265.
https://doi.org/10.1007/bf03321020

DOI: 10.12677 /pm.2024.147292 273 M2


https://doi.org/10.1007/s10114-019-9058-1
https://doi.org/10.1007/s12215-021-00636-4
https://doi.org/10.1112/s002460939900644x
https://doi.org/10.1360/ya1990-33-5-521
https://doi.org/10.1112/blms/bdn103
https://doi.org/10.1007/bf02563879
https://doi.org/10.1007/s00013-010-0125-1
https://doi.org/10.1080/17476933.2012.750307
https://doi.org/10.1007/bf03321020
https://doi.org/10.12677/pm.2024.147292

HKEET, Mt

[13] Chang, J. (2013) Normality of Meromorphic Functions and Uniformly Discrete Exceptional
Sets. Computational Methods and Function Theory, 13, 47-63.
https://doi.org/10.1007/s40315-012-0003-x

DOL: 10.12677/pm.2024.147292 274 9 p H 2


https://doi.org/10.1007/s40315-012-0003-x
https://doi.org/10.12677/pm.2024.147292

	1 引言
	2 引理
	3 定理1的证明

