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Abstract

Let F be a family of meromorphic functions on a domain D, a(z)(6≡ 0), a1(z) and b(z) are
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holomorphic functions on D. If k is a positive integer and k ≥ 4, ∀f∈F , f(z) 6=∞ when

a(z) = 0, f ′(z) + a1(z)f(z) − a(z)fk(z) − b(z) has at most 1 zeros (ignoring multiplicity),

then F is normal on D.
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1. Úó

3E©ÛnØ¥, æX¼êx��5½K´��é��ïÄ�K. �5x�Vg�@dêÆ

[Montelu20VÐJÑ, ¦òäk,«�;5�¼êx¡��5x. �5xnØ±Nevanlinnaï

á�æX¼ê�©ÙnØ�Ä:, ¿�Nevanlinna�©ÙnØ��)¦��5xnØk
�c�u

Ð, Ñy
NõÍ¶��5½K, XMarty!Miranda�5½K�. 1967c, Hayman3©z [1]¥J

Ñ
e¡�ß�.

½nA �F�«�DS��xæX¼ê, a(6= 0), b´ü�k�Eê. éuF¥�z��¼
ê fÚ��ê k (k ≥ 5) , ∀f ∈ F , ÷v f ′(z)− afk(z) 6= b , KF3DS�5.

Tß�®²�õ<y². î8��, ù�(J®²?1
�«*ÐÚU?. <u�y²
½

nB [2], C [3] .

½nB �F �«�D S��xæX¼ê, a(z)(6≡ 0) , b(z) �«�D S��X¼ê.

� a(z) = 0�, k f(z) 6=∞ . éuF¥�z��¼ê fÚ��ê k (k ≥ 4) , ÷v

f ′(z)− a(z)fk(z) 6= b(z) ,

KF3DS�5.

½nC �F�«�DS��xæX¼ê, a(z)( 6≡ 0) , a1(z)Ú b(z)�«�DS��X¼ê.

� a(z) = 0�, k f(z) 6=∞ . éuF¥�z��¼ê fÚ��ê k (k ≥ 4) , ÷v

f ′(z) + a1(z)f(z)− a(z)fk(z) 6= b(z) ,

KF3DS�5.
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�¤<y²
e¡�½nD [4] .

½nD �F �«�D S��xæX¼ê, a(z)(6≡ 0)Ú b(z)�«�D S��X¼ê.

� a(z) = 0�, f(z) 6=∞ . éuF¥�z��¼ê fÚ��ê k (k ≥ 4) , ÷v f ′(z)− a(z)fk(z)−
b(z)3«�DS�õk 1�":, KF3DS�5.

(Ü½nB! C!D , ^�/f ′(z) + a1(z)f(z)− a(z)fk(z)− b(z)3«�DS�õk1�":0

´ÄE,¤á? �©òïÄù�¯K¿y²
�e(J.

½n 1 �F �«�DS��xæX¼ê, a(z)(6≡ 0) , a1(z)Ú b(z)�«�DS��X¼ê.

� a(z) = 0�, f(z) 6=∞ . éuF¥�z��¼ê fÚ��ê k (k ≥ 4) , ÷v f ′(z) + a1(z)f(z)−
a(z)fk(z)− b(z)3«�DS�õk 1�":(�Ñ?), KF3DS�5.

5 1 �©¥, -δ > 0, P∆δ = {z : |z| < δ} , ∆δ
′ = {z : |z| < δ} , ∆ = {z : |z| < 1} ,

∆′ = {z : 0 < |z| < 1} . 3«�DS, fn(z)
χ⇒ f(z)L« {fn(z)}3DSU¥åS4��Âñ

� f(z) , fn(z)⇒ f(z) L« {fn(z)}3DSUEuclidålS4��Âñ� f(z) .

2. Ún

�
y²�©�(J, ·�I�e�Ún.

Ún 1 [5–7] �F�«�DS��xæX¼ê, éuz�� f ∈ F , f �":ê��� k,

�3��êA ≥ 1, ¦�� f ∈ F � f(z) = 0 �, |f (k)(z)| ≤ A. eF 3DS�: z0Ø�5, K

é−1 ≤ α ≤ k, �3

(1) :� zn ∈ D, zn → z0;

(2) F¥¼ê� fn;

(3) �êS� ρn → 0+;

¦�¼ê� gn(ζ) = ρ−αn fn(zn + ρnζ)3E²¡CþU¥¡ål��Âñ����~ê�æX¼
ê g(ζ), Ù":ê��� k , �÷v g(])(ζ) ≤ g(])(0) = kA+ 1� g(ζ)�?�õ´2 ( g(])(ζ)L«¥

¡�ê).

Ún 2 [8] � f ´��k¡?��æX¼ê, k´��ê, R´��Øð� 0�õ�ª. e f

�":?þ≥ 2, K f (k) −R kÃ¡õ�":.

Ún 3 [9] � f ´��k¡?��æX¼ê, k ´��ê. e f �":?þ≥ k + 1 ,

K f (k) − 1kÃ¡õ�":.

Ún 4 [10] � f´���~êkn¼ê, k´��ê, e¤k":?þ≥ k + 2 , ¤k4:

?þ≥ 3 , K f (k) − 1��k 2�":.

Ún 5 [11] � f ´���~êæX¼ê, k ≥ 4´����ê, a 6= 0´��k�Eê,

K f ′ − afk(z)��k 2�ØÓ�":.

Ún 6 [12] �Q´���~êkn¼ê, m, k´��ê, eQ�":?þ≥ k + 2 , �§�

4:�?þ≥ 2 (Ø z = 0	), K3E²¡C þQ(k)(z) = zm k).
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Ún 7 [13] � f ´��kn¼ê, m, k´ü���ê, eéu z ∈ C , k f(z) 6= 0 , �é

u z 6= z0 , k f (k)(z) 6= zm , Ù¥ z0 ∈ C , K f(z)´��~ê.

Ún 8 �F�«�DS��xæX¼ê, a(z)(6= 0) , a1(z), ..., ak−1(z)Ú b(z)�«�DS�

�X¼ê. éuF ¥�z��¼ê fÚ��ê k (k ≥ 4) , f ′n(z) +
∑k−1

i=1 ai(z)fn
i(z)− a(z)fn

k(z)−
b(z)�õk 1�":, KF3D S�5.

y² b�F 3 z0 ∈ D?Ø�5. dÚn 1 , �3 fn ∈ F , zn → z0, ρn → 0+ , ¦� gn(ζ) =

ρn
1

k−1 fn(zn + ρnζ)3E²¡CþU¥åS4��Âñ����~ê�æX¼êG(ζ) . du

g′n(ζ) +
k−1∑
i=1

ρn
k−i
k−1 ai(zn + ρnζ)gin(ζ)− a(zn + ρnζ)gkn(ζ)− ρn

k
k−1 b(zn + ρnζ)

=ρn
k

k−1 f ′n(zn + ρnζ) + ρn
k

k−1

k−1∑
i=1

ai(zn + ρnζ)f in(zn + ρnζ)

− ρn
k

k−1 a(zn + ρnζ)fkn(zn + ρnζ)− ρn
k

k−1 b(zn + ρnζ) 6= 0.

qÏ� g′n(ζ) +
∑k−1

i=1 ρn
k−i
k−1 ai(zn + ρnζ)gin(ζ)− a(zn + ρnζ)gkn(ζ)− ρn

k
k−1 b(zn + ρnζ) 3∆�K g(ζ)

�4:�«�S4��Âñu g′(ζ)− a(z0)g
k(ζ) .

e g′(ζ)− a(z0)g
k(ζ) ≡ 0 ,K g(ζ)´���¼ê. Ï�, � k ≥ 3, a(z0) 6= 0�, k

kT (r, g) = T (r, gk) = T (r,
g′

a(z0)
) = T (r, g′) + log+ 1

|a(z0)|
≤ T (r, g) + S(r, g).

dd��T (r, g) = S(r, g) . �´, ù� g(ζ)´���~êæX¼êgñ.

Ïd, g′(ζ)− a(z0)g
k(ζ) 6≡ 0 .

äó: ¼ê g′(ζ)− a(z0)g
k(ζ)�õk 1�":.

eØ,, b�¼ê g′(ζ)− a(z0)g
k(ζ)k 2�ØÓ�": ζj ( j = 1, 2 ). Ø����¿©�

� δ , δ > 0 , ¦�D1 ∩ D2 = ∅¿� g′(ζ)− a(z0)g
k(ζ) 3D1 ∪ D2SØ ζ1, ζ2	vkÙ¦":, Ù

¥D1 = {ζ : |ζ − ζ1| < δ}, D2 = {ζ : |ζ − ζ2| < δ} .

dHurwizt½n, éu¿©��n , �3: ζn,1 → ζ1 , ζn,2 → ζ2¦�

f ′n(zn + ρnζn,1) +

k−1∑
i=1

ρn
k−i
k−1 ai(zn + ρnζn,1)f

i
n(zn + ρnζn,1)

− a(zn + ρnζn,1)f
k
n(zn + ρnζn,1)− b(zn + ρnζn,1) = 0

Ú

f ′n(zn + ρnζn,2) +

k−1∑
i=1

ρn
k−i
k−1 ai(zn + ρnζn,2)f

i
n(zn + ρnζn,2)

− a(zn + ρnζn,2)f
k
n(zn + ρnζn,2)− b(zn + ρnζn,2) = 0

qÏ� f ′n(z)+
∑k−1

i=1 ai(z)f
i
n(z)−a(z)fkn(z)−b(z)�õk 1�":,K zn+ρnζn,1 = zn+ρnζn,2 ,
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�

ζn,1 = ζn,2 =
z0 − zn
ρn

ù�D1 ∩D2 = ∅gñ. Ïd, äó¤á.

dÚn 5 , ¼ê g′(ζ)− a(z0)g
k(ζ)��k 2�":, �äógñ. Ïd, F3Dþ�5.

3. ½n1�y²

y² dÚn 8 , ·��I�y²F 3 a(z)�":?�5. Ø��D = ∆ , ¿� a(z) =

zmϕ(z), z ∈ ∆, Ù¥m ≥ 1, ϕ(0) = 1,�3 0 < |z| < 1S a(z) 6= 0.

du� a(z) = 0� , f(z) 6= ∞¿� f ′(z) + a1(z)f(z) − a(z)fk(z) − b(z)3«�4S�õk 1

�":, K f ′(z)
a(z)fk(z)

+ a1(z)f(z)
a(z)fk(z)

− b(z)
a(z)fk(z)

− 13«�4S�õk 1�":.

-

F1 =

{
gn|gn(z) =

1

a(z)fk−1n (z)

}
,

gn�¤k":?þ k − 1 . 0´ gn���m4:, Ù{4:��´ k − 1.

b�F13 z = 0?Ø�5. dÚn 1�, �3 gn ∈ F1, zn → 0, ρn → 0+ , ¦�

Gn(ζ) =
gn(zn + ρnζ)

ρn

3E²¡CþU¥åS4��Âñ����~ê�æX¼êG(ζ) . Gn(ζ)¤k�":Ú4:��

´ k − 1, 0´Gn(ζ) ���m4:. ±e©ü«�¹?Ø.

�/ 1 zn
ρn
→∞.

G′n(ζ) =

[
1

ρna(zn + ρnζ)fk−1n (zn + ρnζ)

]′
= (1− k)

f ′n(zn + ρnζ)

a(zn + ρnζ)fkn(zn + ρnζ)
− a′(zn + ρnζ)

a2(zn + ρnζ)fk−1n (zn + ρnζ)

= (1− k)

[
f ′n(zn + ρnζ)

a(zn + ρnζ)fkn(zn + ρnζ)
+
a1(zn + ρnζ)fn(zn + ρnζ)

a(zn + ρnζ)fkn(zn + ρnζ)
− b(zn + ρnζ)

a(zn + ρnζ)fkn(zn + ρnζ)

]
+ (1− k)

[
b(zn + ρnζ)

a(zn + ρnζ)fkn(zn + ρnζ)
− a1(zn + ρnζ)fn(zn + ρnζ)

a(zn + ρnζ)fkn(zn + ρnζ)

]
− a′(zn + ρnζ)

a2(zn + ρnζ)fk−1n (zn + ρnζ)
.

P

I1 = (1− k)
b(zn + ρnζ)

a(zn + ρnζ)fkn(zn + ρnζ)
,

I2 = (1− k)
a1(zn + ρnζ)fn(zn + ρnζ)

a(zn + ρnζ)fkn(zn + ρnζ)
,

I3 =
a′(zn + ρnζ)

a2(zn + ρnζ)fk−1n (zn + ρnζ)
.
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5¿�

Ik−11 = a(zn + ρnζ)[(1− k)b(zn + ρnζ)]k−1[ρnGn(ζ)]k ⇒ 0,

I2 = (1− k)ρna1(zn + ρnζ)Gn(ζ)⇒ 0,

I3 =
m(zn + ρnζ)m−1ϕ(zn + ρnζ) + (zn + ρnζ)mϕ′(zn + ρnζ)

(zn + ρnζ)mϕ(zn + ρnζ)
Gn(ζ)ρn

=
mρn

zn + ρnζ
Gn(ζ) +

ρnϕ
′(zn + ρnζ)

ϕ(zn + ρnζ)
Gn(ζ)⇒ 0.

l

G′n(ζ)− (1− k)
X⇒ G′(ζ)− (1− k)

XJG′(ζ) ≡ 1 − k(6= 0) , KG(ζ) = (1 − k)ζ + C , C´~ê. Ïd, G(ζ)´�gõ�ª, ù

�G(ζ)�¤k":�� k − 1gñ.

Ïd, G′(ζ) 6≡ 1− k . aqÚn 8�y², ·��±��G′(ζ)− (1− k)�õk 1�":. dÚ

n 3 , G(ζ)´��kn¼ê. �ù�Ún 4gñ.

�/ 2 zn
ρn
→ α 6=∞. K-

Φn(ζ) =
1

ρ1+mn fk−1n (ρnζ)
= ζmϕ(ρnζ)

gn(zn + ρn(ζ − zn
ρn

))

ρn
,

k

Φn(ζ)
X⇒ ζmG(ζ − α) = Φ(ζ)

3E²¡�KG(ζ − α)�4:?	Uì¥¡ål��¤á. Ï�Φn(ζ)¤k�":Ú4:��

´ k − 1, Φn(ζ)3 ζ = 0?k��m4:, Ïd, Φ(0) 6= 0.

Φ′n(ζ) =

[
f1−k
n (ρnζ)

ρ1+mn

]′
= (1− k)

f ′n(ρnζ)

ρmn f
k
n(ρnζ)

= (1− k)ζmϕ(ρnζ)

[
f ′n(ρnζ)

a(ρnζ)fkn(ρnζ)
+
a1(ρnζ)fn(ρnζ)

a(ρnζ)fkn(ρnζ)
− b(ρnζ)

a(ρnζ)fkn(ρnζ)

]
+ (1− k)ζmϕ(ρnζ)

[
b(ρnζ)

a(ρnζ)fkn(ρnζ)
− a1(ρnζ)fn(ρnζ)

a(ρnζ)fkn(ρnζ)

]
.

P

I4 = (1− k)ζmϕ(ρnζ)
b(ρnζ)

a(ρnζ)fkn(ρnζ)
,

I5 = (1− k)ζmϕ(ρnζ)
a1(ρnζ)fn(ρnζ)

a(ρnζ)fkn(ρnζ)
.
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Ù¥

Ik−14 =

[
(1− k)ζmϕ(ρnζ)

b(ρnζ)

a(ρnζ)fkn(ρnζ)

]k−1
= a(ρnζ)[(1− k)ζmϕ(ρnζ)b(ρnζ)]k−1

[
ρnGn(ζ − zn

ρn
)

]k
⇒ 0,

I5 = (1− k)ρnζ
mϕ(ρnζ)a1(ρnζ)Gn(ζ − zn

ρn
)⇒ 0.

¤±

Φ′n(ζ)− (1− k)ζmϕ(ρnζ)

= (1− k)ζmϕ(ρnζ)

[
f ′n(ρnζ)

a(ρnζ)fkn(ρnζ)
+
a1(ρnζ)fn(ρnζ)

a(ρnζ)fkn(ρnζ)
− b(ρnζ)

a(ρnζ)fkn(ρnζ)
− 1

]
+ (1− k)ζmϕ(ρnζ)

[
b(ρnζ)

a(ρnζ)fkn(ρnζ)
− a1(ρnζ)fn(ρnζ)

a(ρnζ)fkn(ρnζ)

]
X⇒ Φ′(ζ)− (1− k)ζm.

Ï�
f ′n(z)

a(z)fk
n(z)

+ a1(z)fn(z)
a(z)fk

n(z)
− b(z)

a(z)fk
n(z)
− 1 3∆þ�õk 1�":. ¤±Φ′(ζ) − (1 − k)ζm3∆

þ�õk 1�":.

XJΦ′(ζ) ≡ (1− k)ζm , KΦ(ζ) = 1−k
1+m

ζm+1 +C , Ù¥C´��~ê. Ïd, Φ(ζ)3Cþ��

k��":. - ζ0´Φ(ζ)���":, K ζ0�� k− 1, ÏdΦ′(ζ0) = 0 ,� ζ0 = 0 . ¤±Φ(0) = 0

�Φ(0) 6= 0gñ.

Ïd, Φ′(ζ) 6≡ (1 − k)ζm . qÏ�Φ′(ζ) − (1 − k)ζm3∆þ�õk 1�":. �e5, �

ÄΦ′(ζ)− (1− k)ζm3∆þvk":½k��":. dÚn 2�, Φ(ζ)´kn¼ê.

�/ 2.1 Φ′(ζ) 6= (1− k)ζm. ù�Ún 6gñ.

�/ 2.2 Φ′(ζ0) = (1− k)ζm0 . � ζ 6= ζ0�, kΦ′(ζ) 6= (1− k)ζm , Ù¥ ζ0 ∈ C .

�/ 2.2.1 XJΦ(ζ0) = 0 . dΦ(ζ)�¤k":�� k − 1, KΦ′(ζ0) = 0 . Ïd, ζ0 = 0 ,

�Φ(0) 6= 0gñ.

�/ 2.2.2 XJΦ(ζ0) 6= 0 , 2©ü«�¹?Ø.

�/ 2.2.2.1 Φ(ζ) 6= 0, ζ ∈ C. éu ζ 6= ζ0 , Φ′(ζ) 6= (1− k)ζm , Ù¥ ζ0 ∈ C . dÚn7�, Φ(ζ)

´��~ê, gñ.

�/ 2.2.2.2 Φ(ζ)
.
= 0, ζ ∈ C\{ζ0}, éu ζ ∈ C\{ζ0} , Φ′(ζ) 6= (1− k)ζm , �Ún 6gñ.

Ïd, F13 0?�5. e¡·�òy²F3 0?�5.

�âF13 0?�5� gn(0) = ∞, �3 δ > 0¦�3∆δ S |gn(z)| ≥ 1, � |a(z)fk−1n (z)| ≤ 1 ,

Ïd, 3∆δS fn(z) 6= ∞ . u´, fn(z)3∆δ�X. À� δv
�, ¦��nv
��, 3 |z| ≤ δ

S |a(z)| ≥ |z|
m

2
. ·�k

|fn(z)| =
∣∣∣∣ 1

a(z)gn(z)

∣∣∣∣ 1
k−1

≤
(

2m+1

δm

) 1
k−1

, |z| = δ

2
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d����nÚMontel�5½K�, �3F�f�3∆δS�5, =F3 0?�5.
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