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Abstract

When using the comparison principle and cauchy discriminant method to discuss the

convergence and divergence of positive series, we may encounter situations where the

ratio limit is 1 and cannot be used. A typical example is that the positive series of

arrays { 1
n
} and { 1

n2} have different convergence and divergence. This article discusses

the convergence and divergence of positive series in the form of 1
nα

(α > 0), which

is related to the BOX dimension of the corresponding point set. When the BOX

dimension of the point set is greater than or equal to 1
2
, the positive series diverges;

when it is less than 1
2
, the positive series converges, and a new method is proposed to

determine the convergence and divergence of the positive series of a sequence using 1
n

as the reference object.
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∑
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Äk-N+L«��ê§Rn(n ∈ N+)L«n�îª�m§δL«¢êRþ����mm4«m§
|U | L«¢êRþ'u0é¡���4«m§rL«R¥?¿¢ê"

½Â2.1 -ê�u n={ 1
nα
}§Ù¥n ∈N+§α ∈R�α > 0"

½Â2.2 [8] eΓ (6=∅)´n�îª�mRn¥?¿f8§Nδ(Γ)L«U
CXΓ�»���δ���

8Üê§ΓeBOX�ê�½ÂXeµ

dimBΓ = lim
δ→0

logNδ(Γ)

− log δ
,

�A/§ΓþBOX�ê�½Â�µ

dimBΓ = lim
δ→0

logNδ(Γ)

− log δ
.

XJþ!eBOX�ê��§K¡Ù�Γ�BOX�ê¶

dimBΓ = lim
δ→0

logNδ(Γ)

− log δ
.

éuRþ�?¿f85`§þ!eBOX�ê�����Xeµ

0 ≤ dimBΓ ≤ dimBΓ ≤ 1.

eBOX�ê�3§Kµ

0 ≤ dimB Γ ≤ 1.

?Ø÷v½Â2.1�ê�ÚéA:8�BOX�ê�§5¿�k±e(Øµ

(1) u n−u n+1>u n+1−u n+2¶

(2) lim
n→+∞

{u n}= 0;
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(3) ê�{u n}éA:8Γ�Ý�êdimBΓ= 1
1+α
"

3. Ì�(J

½n

Ún3.1

éu÷v½Â2.1�ê�{u n}§k±e(Øµ

lim
n→+∞

u n
(u n− u n+1) · n

=
1

α
.

y²µ�â½Â2.1��§

u n
u n− u n+1

=
1
nα

1
nα
− 1

(n+1)α

=
1
nα
· nα · (n+ 1)α

(n+ 1)α − nα

=
(n+ 1)α

(n+ 1)α − nα
. (1)

dLagrange¥�½n§��

α · nα · 1

n+ 1
≤ (n+ 1)α − nα ≤ α · (n+ 1)α · 1

n
, (2)

�âúª(1)Úúª(2)§�±��

(n+ 1)α

α · (n+ 1)α · 1
n
· n
≤ u n

(u n− u n+1)n
≤ (n+ 1)α

α · nα · 1
n+1
· n

1

α
≤ u n

(u n− u n+1)n
≤ 1

α
· (n+ 1

n
)α. (3)

úª(3)ü>�n→ +∞�§4�Ñ� 1
α
§�â0�5½n§��

lim
n→+∞

u n
(u n− u n+1) · n

=
1

α
.

½n3.1 éu÷v½Â2.1�ê�{u n}§éAΓBOX�ê�3§�

dimBΓ =
1

1− lim
n→+∞

log u n
logn

.

y²µ-u k−u k+1 ≤ δ<u k−u k−1§�|U | ≤ δ§U�g��UCXê�{u n}���:§��I�k
(k ∈ N+)�«mâU
��CX{u n}§=Nδ(Γ) ≥ k"�â±eBOX�ê½Âkµ
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dimBΓ = lim
δ→0

logNδ(Γ)

− log δ
≥ lim

k→+∞

log k

log 1
u k −u k+1

= lim
k→+∞

log k

log u k
(u k −u k+1) ·u k

,

dÚn3.1��§�3N 1 ∈ N+§�k>N 1�§

u n
u n− u n+1

≤ (
1

α
+ 1) · k,

-c = 1
α

+ 1§¤±kµ

dimBΓ ≥ lim
k→+∞

log k

log ck
u k

= lim
k→+∞

log k

log k + log c− log u k

= lim
k→+∞

1

1 + log c
log k
− log u k

log k

= lim
k→+∞

1

1− log u k
log k

=
1

1− lim
k→+∞

log u k
log k

. (4)

Ó�§�|U | ≤ δ§CX[0, u k]§I�
u k

u k −u k+1
�«m§CX�e�k− 1�:§KI�,	k− 1�«

m§Ïd

Nδ(Γ) ≤ u k
u k−u k+1

+ k − 1

KþBOX�ê

dimBΓ = lim
δ→0

logNδ(Γ)

− log δ
≤ lim

k→+∞

log( u k
u k −u k+1

+ k − 1)

log 1
u k−1−u k

= lim
k→+∞

log k · ( u k
(u k −u k+1)·k

+ 1− 1
k
)

log 1
u k−1−u k

= lim
k→+∞

log k

log 1
u k−1−u k

+ lim
k→+∞

1

log 1
u k−1−u k

= lim
k→+∞

log k

log 1
u k−1−u k

= lim
k→+∞

log k

log 1
u k −u k+1

=
1

1− lim
k→+∞

log u k
log k

. (5)
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dúª(4)!úª(5)��
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1− lim
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log k
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1− lim
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log u k
log k
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=
1
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log n
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log n−1

,

u n+1

u n
=

1
(n+1)α

1
nα
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n

n+ 1
)α.

�dimBΓ< 1
2
�§α>1§�â¢ê��5��§�3��q ∈R÷v

0<
n

n+ 1
<q<1,

ê�{u n}¥�z��§Ñ÷v
u n ≤ u 1 ·qn− 1(n > 1).

du
∑∞

n=1q nÂñ§�â'��K§����?ê
∑
u nÂñ"

edimBΓ ≥ 1
2
§Kα ≤ 1§´�ê�{u n} ¥�z��§Ñ÷v

u n ≥
1

n
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du��?ê
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uÑ§�â'��K§����?ê
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���?ê§BOX�ê�O��Ny
ê��Âñ�Ý§¿

± 1
2
�.§BOX�ê�u 1

2
�§��?êÂñ§��uÑ"Ó�§�±3¿�Ún3.1�^����

NÑê��Âñ�Ý§¿�BOX�ê���k�½'é§� lim
n→+∞

a n
(a n− a n+1)·n�u1�§BOX�ê

� 1
2
§�0< lim

n→+∞
a n

(a n− a n+1)·n<1�§BOX �ê�u 1
2
§� lim

n→+∞
a n

(a n− a n+1)·n>1§BOX�ê�u 1
2
§

�Ä|^Ún3.1��O^���üN4~��ê���?êñÑ5��«#�ª"

½n3.3 éu?¿üN4~��ê�{a n}§e

0< lim
n→+∞

a n
(a n− a n+1) · n

= r<1,

K
∑∞

n=1 a nÂñ§e

lim
n→+∞

a n
(a n− a n+1) · n

= r ≥ 1,
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K
∑∞

n=1 a nuÑ"

y²µ�^��

0< lim
n→+∞

a n
(a n− a n+1) · n

<1,

K

lim
n→+∞

(1− a n+1

a n
) · n =

1

r
>1.

(Ü4�½Â§���3N 2 ∈ N+§é?¿k ∈ N+ > N 2§÷v

a n+1

a n
<1− 1

nr
. (6)

-1<p< 1
r
§du

lim
n→+∞

1− (1− 1
n+1

)p

1
rn

= lim
x→0

1− (1− x))p

x
r

= pr<1

�3N 3 ∈ N+§é?¿k ∈ N+ > N 3§÷v

1

rn
>1− (1− 1

n+ 1
)p.

(Ü(6)§��

a n+1

a n
<

1
(n+1)p

1
np
.

(7)

yòê�{a n}©�cN 3�!N 3 +1�n�ü�fê�5�ÄÙÚ´Äk."k�ÄN 3 +1

�n�§�â'ª�O{(Ü(7)§���3���êM ∈ R§¦�

∞∑
n=N 3

a n ≤M.

Ó�§éuê�{a n}�cN 3�f�§-A ∈ R�A =
∑N 3

n=1 a n§�±��

0 <
∞∑
n=1

a n ≤ A+M.

d½Â�
∑∞

n=1 a nÂñ"

�^��

lim
n→+∞

a n
(a n− a n+1) · n

≥ 1,

K

lim
n→+∞

(1− a n+1

a n
) · n =

1

r
≤ 1.
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· · · · · 1
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a n
(a n− a n+1)·n���BOX�ê���k���éA'X§�y²
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