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Abstract

Let x : Mm → Sm+p(m ≥ 2, p ≥ 2) be an m-dimensional no umbilical submaniflods in

m + p-dimensional unit sphere Sm+p. The Möbius second basic from B of Mm is the

invariant of under the group of Möbius transformations in Sm+p. We obtain inequality∑
α, β tr[(B

α)2(Bβ)2] ≤ (m−1)(3m2−9m+8)
2m3 . The conditions for the equality sign are proved.
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Möbius Geometry, Möbius Invariant, Inequation

Copyright c© 2022 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

�x : Mm → Sm+p(m > 3)´m+ p�ü ¥ Sm+p¥���m�Ãß:f6/,d©z[1]�,

� {ei} ´Ýþ I = dx · dx �ÛÜIO���Ie|, ÙéóIe|� {θi} , �1�Ä�/ª

II =
∑

i,j,α h
α
ijθiθjeα ,²þ­Ç� H .½Â ρ2 = m

m−1 |II −
1
m
tr(II)I|2 , @o�½ 2-/ª g = ρ2I

´ Sm+p ¥ MöbiusC�+e�ØCþ,¡� x� MöbiusÝþ. d©z[2]Ú©z[3]� x�n�Ä

� MöbiusØCþ, ©O� Möbius/ª Φ =
∑

i,αC
α
i θieα , BlaschkeÜþ A = ρ2

∑
i,j Aijθiθj Ú

Möbius1�Ä�/ª B =
∑

i,j,αB
α
i,jωiωj(ρ

−1eα) ,d©z[4]�Ñ,

Cαi = −ρ−2
(
Hα
,i +

∑
j

(
hαij −Hαδij

)
ej(log ρ)

)
, (1.1)

Aij =− ρ−2
(
Hessij(log ρ)− ei(log ρ)ej(log ρ)−

∑
α

Hαhαij

)
− 1

2
ρ−2

(
‖∇ log ρ‖2 − 1 + ‖H‖2

)
δij , (1.2)

Bα
ij = ρ−1

(
hαij −Hαδij

)
, (1.3)

Ù¥ Hessij Ú ∇�'u I = dx · dx3Ä. {ei}e� HessÝ
ÚFÝ�f.¡ B �A��� x�

MöbiusÌ­Ç. Rm+p+2´m+ p+ 2�îª�þ�m,½ÂSÈ 〈·, ·〉Xe:

〈X, ξ〉 = −x0ξ0 + x1ξ1 + x2ξ2 + x3ξ3 + . . .+ xm+p+1ξm+p+1, (1.4)

Ù¥

X = (x0, x1, x2 · · · xm+p+1); ξ = (ξ0, ξ1, ξ2 · · · ξm+p+1),

¡äkSÈ 〈·, ·〉��þ�m Rm+p+2�m+ p+ 2� Lortentz�m,P� Rm+p+2
1 .
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½Â

Cm+p+1
+ := {X ∈ Rm+p+2

1 |〈X,X〉 = 0, x0 > 0}, (1.5)

� Rm+p+2
1 ��1I,½Â

Qm+p := {[ξ] ∈ RPm+p+1|〈ξ, ξ〉 = 0}, (1.6)

� RPm+p+1¥��g­¡.

2. �©Ì�(J

�©3MöbiusAÛþ��Xe½n:

½nA � x : Mm → Sm+p(m ≥ 2, p ≥ 2)´ÃßE\f6/, B �Möbius1�Ä�/ª,K

ke�Ø�ª ∑
α, β

tr[(Bα)2(Bβ)2] ≤ (m− 1)(3m2 − 9m+ 8)

2m3
,

¤á,Ù¥�Ò¤á��=�Mm´�/²"� Bα�que�Ý
��

0 u 0 · · · 0

u 0 0 · · · 0

0 0 0 · · · 0

...
...

...
...

0 0 0 · · · 0


n×n

,



u 0 0 · · · 0

0 −u 0 · · · 0

0 0 0 · · · 0

...
...

...
...

0 0 0 · · · 0


n×n

3. Sm+p f6/�MöbiusØCþ

��²ïá
¥¥f6/�1I�.Ú��ØCþXÚ,�©¦^�Ù�Ó�PÒÚúª.�

x : Mm → Sm+p ⊂ Rm+p+1´ÃßE\. x�Möbius ��þ½Â�

ξ = ρ(1, x) : Mm → Rm+p+2
1 , ρ2 =

m

m− 1
‖II − 1

m
tr(II)I‖2 > 0. (3.1)

KkXe½n:

½n 3.1 ([4]) ü�f6/ x , x̃ : Mm → Sm+p ´Moebius�d��=��3 Rm+p+2
1 ¥�

LorentzC� T ∈ O(m+ p+ 1, 1) , ¦� ξ = ξ̃T.

Ù¥ O(m+ p+ 1, 1)´ Rm+p+2
1 ¥�±SÈ 〈, 〉ØC� Lorentz+,@o O(m+ p+ 1)´��

3 Qm+p¥�C�+½Â�

T ([ξ]) := [ξT ], X ∈ Cm+p+1
+ , ξ ∈ O(m+ p+ 1, 1), (3.2)

DOI: 10.12677/pm.2022.126106 973 nØêÆ

https://doi.org/10.12677/pm.2022.126106


êô7

Ïd

g = 〈dξ, dξ〉 = ρ2dx · dx, (3.3)

´MöbiusØCþ,¡�MöbiusÝþ½d xp��Möbius1�Ä�/ª.

� M� (M, g)� Laplace�f.

〈4ξ,4ξ〉 = 1 +m2κ, (3.4)

Ù¥ κL« x�{zMöbiusêþ­Ç.

� {E1, E2, · · · , Em} ´ (M, g) ���ÛÜIO��Ä, {ω1, ω2, · · · , ωm} �ÙéóÄ.�

Ei(ξ) = ξi ,@o.

〈ξi, ξj〉 = δij , 1 ≤ i, j ≤ m, (3.5)

½Â

N = − 1

m
4ξ − 1

2m2
〈4ξ,4ξ〉ξ, (3.6)

@o

〈ξ, ξ〉 = 〈N,N〉 = 0, 〈ξ,N〉 = 1, 〈ξi, ξ〉 = 〈ξi, N〉 = 0, (1 ≤ i, j ≤ m). (3.7)


�

〈ξ, dξ〉 = 0, 〈4ξ, ξ〉 = −m, 〈4ξ, ξk〉 = 0, 1 ≤ k ≤ m. (3.8)

Ïd

span{N, ξ} ⊥ span{ξ1, ξ2, · · · , ξm}, (3.9)

½Â

V = {span{N, ξ} ⊕ span{ξ1, · · · , ξm}}⊥, (3.10)

� V ´f�m Span{ξ, N, ξ1, ξ2, · · · , ξm}3 Rm+p+2
1 ¥���Ö�m,@o·�kXe��

�©).

Rm+p+2
1 = span{ξ,N} ⊕ span{ξ1, ξ2, · · · , ξm} ⊕ V, (3.11)

¡ V ´ x : Mm → Sm+p � Möbius{m. � {Em+1, · · · , Em+p}´{m V ÷Mm ���ÛÜ�

�Ä,@o {ξ, N, ξ1, · · · , ξm, Em+1, · · · , Em+p}´3 Rm+p+2÷Mm�¹ÄIe.ÏL¦^�I�

�:

1 ≤ i, j, k, l ≤ m;m+ 1 ≤ α, β ≤ m+ p;

Ù(��§�:

dξ =
∑
i

ωiξi, (3.12)

dN =
∑
ij

Aijωjξi +
∑
i,α

Cαi ωiEα, (3.13)

DOI: 10.12677/pm.2022.126106 974 nØêÆ

https://doi.org/10.12677/pm.2022.126106


êô7

dξi = −
∑
j

Aijωjξ − ωiN +
∑
j

ωijξj +
∑
i

Bα
ijωjEα, (3.14)

dEα = −
∑
i

Cαi ωiξ −
∑
i,j

Bα
ijωjξi, (3.15)

Ù¥ {ωij}´MöbiusÝþ g�éä/ª

Aij = Aji, B
α
ij = Bα

ji. (3.16)


�

A =
∑
i,j,

Aijωi ⊗ ωj , B =
∑
i,j,α

Bα
ijωi ⊗ ωjEα, Φ =

∑
α

φαEα =
∑
i,α

Cαi ωiEα. (3.17)

Ñ´MöbiusØCþ,¡A� x� BlaschkeÜþ, B� x�Möbius1�Ä�/ª, Φ� x�Möbius

/ª.

½Â Cαi , Aij , B
α
ij ����C�êXe∑

j

Cαi,jωj = dCαi +
∑
j

Cαj ωji +
∑
β

Cβi ωβα, (3.18)

∑
k

Aij,k = dAij +
∑

Aikωkj +
∑
k

Akjωki, (3.19)

∑
Bα
ij,kωk = dBij +

∑
k

Bα
ikωkj +

∑
k

Bα
kjωki +

∑
β

Bβ
ijωβα, (3.20)


�

dωij −
∑
k

ωik ∧ ωkj = −1

2

∑
kl

Rijklωk ∧ ωl, Rijkl = −Rijlk, (3.21)

@o (3.12)-(3.15)(��§��È^��

Aij,k −Aik,j =
∑
α

(Bα
ikC

α
j −Bα

ijC
α
k ), (3.22)

Cαi,j − Cαj,i =
∑
k

(Bα
ikAkj −Bα

kjAki), (3.23)

Bα
ij,k −Bα

ik,j = δijC
α
k − δikCαj , (3.24)

Rijkl =
∑
α

(Bα
ikB

α
jl −Bα

ilB
α
jk) + (δikAjl + δjlAik − δilAjk − δjkAil), (3.25)

tr(A) =
1

2m
(1 +

m

m− 1
R) ,

∑
i

Bα
ii = 0. (3.26)

Ù¥ {Aij,k}, {Bα
ij,k}Ú {Cαi,j}´ A,B Ú Φ'u gp��éä��C�ê3IOÄe�©þ.

(3.24)ª¥- i = j ¦Ú�

−
∑

Bα
ij,i = −(m− 1)Cαj , (3.27)
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(3.25)ª¥- i = k¦Ú�

Rjl = −
∑
k

Bα
jkB

α
kl + tr(A)δjl + (m− 2)Ajl, (3.28)

d (3.26)Ú (3.27)�� ∑
ij

(Bα
ij)

2 =
m− 1

m
, (3.29)

4. ½n�y²

y²�©�½n,ÄkI�y²e¡�Ún.

Ún4.1 � x : Mm → Sm+p(m ≥ 3)´m�ÃßE\f6/, B �Möbius1�Ä�/ª,KkØ

�ª ∑
α,β

{2[tr(BαBβ)]2 + ‖BαBβ −BβBα‖2 − 2m

m− 2
tr[(Bα)2(Bβ)2]}+

2(m− 1)

m2(m− 2)
≥ 0,

¤á,Ù¥�Ò¤á��=�Mm´�/²"�.

y² dWeyl­ÇÜþ�½Â

Wijkl = Rijkl −
1

m− 2
(Sikδjl + Sjlδik − Silδjk − Sjkδil), (4.1)

��

|Wijkl|2 = Wijkl[Rijkl −
1

m− 2
(Sikδjl + Sjlδik − Silδjk − Sjkδil)], (4.2)

Ï�Wijkl �Ã,Üþ,Ïd

|Wijkl|2 = WijklRijkl, (4.3)

Ù¥ Sij � ShoutenÜþ,½Â�

Sij = Rij −
R

2(m− 1)
δij , κ =

R

m(m− 1)
, (4.4)

d (4.4)ª�

Sij =Rij −
m(m− 1)κ

2(m− 1)
δij

=Rij −
mκ

2
δij , (4.5)

d (3.26), (4.4)ª�

2mtrA = 1 +m2κ, (4.6)

¤±
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mκ = 2trA− 1

m
, (4.7)

u´

Sij = −Bα
ikB

α
kj +

1

2m
δij + (m− 2)Aij , (4.8)

d (3.26), (4.1)Ú (4.8)��

Wijkl =Bα
ikB

α
jl −Bα

ilB
α
jk +

1

m− 2
[Bα

imB
α
mkδjl +Bα

jmB
α
mlδik]

−Bα
imB

α
mlδjk −Bα

jmB
α
mkδil]−

1

m(m− 2)
(δikδjl − δilδjk), (4.9)

d (4.3)Ú (4.9)ª��

|W |2 = Wijkl(B
β
ikB

β
jl −B

β
ilB

β
jk), (4.10)

Ïd

|W |2 =[(Bα
ikB

α
jl −Bα

ilB
α
jk +

1

m− 2
(Bα

imB
α
mkδjl +Bα

jmB
α
mlδik −Bα

imB
α
mlδjk

−Bα
jmB

α
mkδil)−

1

m(m− 2)
(δikδjl − δilδjk)](Bβ

ikB
β
jl −B

β
ilB

β
jk)

=2(Bα
ikB

β
kiB

α
jlB

β
lj −B

α
ikB

β
kjB

α
jlB

β
li)−

4

m− 2
Bα
imB

α
mlB

β
lkB

β
ki +

2(m− 1)

m2(m− 2)
, (4.11)

Ù¥

Bα
ikB

α
jlB

β
ikB

β
jl = Bα

ilB
α
jkB

β
ilB

β
jk, B

α
ikB

α
jlB

β
ilB

β
lk = Bα

ilB
α
jkB

β
ikB

β
jl, (4.12)

∑
k,l,β

(Bβ
kl)

2 =
m− 1

m
, (4.13)

¤±k

|W |2 = 2(Bα
ikB

β
kiB

α
jlB

β
lj −B

α
ikB

β
kjB

α
jlB

β
li)−

4

m− 2
Bα
imB

α
mlB

β
lkB

β
ki +

2(m− 1)

m2(m− 2)
, (4.14)

d

2
∑

i,k,j,l,α,β

(Bα
ikB

β
kiB

α
jlB

β
lj −B

α
ikB

β
kjB

α
jlB

β
li) =2tr(BαBβ) · tr(BαBβ)− 2tr(BαBβBαBβ), (4.15)

∑
i,k,l,m,α,β

Bα
imB

α
mlB

β
lkB

β
ki = tr(BαBαBβBβ), (4.16)

(Ü (4.14)ª��

|W |2 = 2[tr(BαBβ)]2 − 2tr(BαBβBαBβ)− 4

m− 2
tr(BαBαBβBβ) +

2(m− 1)

m2(m− 2)
(4.17)

DOI: 10.12677/pm.2022.126106 977 nØêÆ

https://doi.org/10.12677/pm.2022.126106


êô7

2d

‖BαBβ −BβBα‖2 =tr[(BαBβ −BβBα)(BαBβ −BβBα)>]

=tr[(BαBβ −BβBα)(BβBα −BαBβ)]

=tr(BαBβBβBα −BαBβBαBβ −BβBαBβBα +BβBαBαBβ)

=tr(BαBβBβBα)− tr(BαBβBαBβ)− tr(BβBαBβBα) + tr(BβBαBαBβ)

=tr(BαBαBβBβ)− tr(BαBβBαBβ)− tr(BαBβBαBβ) + tr(BαBαBβBβ)

=2tr(BαBαBβBβ)− 2tr(BαBβBαBβ), (4.18)

��

−2tr(BαBβBαBβ) = ‖BαBβ −BβBα‖ − 2tr[(Bα)2(Bβ)2], (4.19)

u´

‖W |2 =
∑
α,β

{2[tr(BαBβ)]2 + ‖BαBβ −BβBα‖2 − 2m

m− 2
tr[(Bα)2(Bβ)2]}

+
2(m− 1)

m2(m− 2)
≥ 0, (4.20)

Ún 4.1�y.

�e5y²½n A . dÚn 4.1k

‖W |2 =
∑
α,β

{2[tr(BαBβ)]2 + ‖BαBβ −BβBα‖2 − 2m

m− 2
tr[(Bα)2(Bβ)2]}

+
2(m− 1)

m2(m− 2)
, (4.21)

¤±∑
α,β

{2[tr(BαBβ)]2 + ‖BαBβ −BβBα‖2 − 2m

m− 2
tr[(Bα)2(Bβ)2]}+

2(m− 1)

m2(m− 2)
≥ 0, (4.22)

d DDV V Ø�ª(©z[5])k∑
α, β

‖BαBβ −BβBα‖2 ≤ (
∑
α

‖Bα‖2)2, (4.23)

d Cauchy-SchwarzØ�ªk∑
α, β

[tr(BαBβ)]2 ≤
∑
α

‖Bα‖2 ·
∑
β

‖Bβ‖2, (4.24)
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u´k∑
α,β

{2[tr(BαBβ)]2 + ‖BαBβ −BβBα‖2 − 2m

m− 2
tr[(Bα)2(Bβ)2]}+

2(m− 1)

m2(m− 2)

≤ (
∑
α

‖Bα‖2)2 + 2
∑
α

‖Bα‖2 ·
∑
β

‖Bβ‖2 − 2m

m− 2

∑
α, β

tr[(Bα)2(Bβ)2] +
2(m− 1)

m2(m− 2)
, (4.25)

(Ü (4.22)Ú (4.25)ª�

(
∑
α

‖Bα‖2)2 + 2
∑
α

‖Bα‖2 ·
∑
β

‖Bβ‖2 − 2m

m− 2

∑
α, β

tr[(Bα)2(Bβ)2] +
2(m− 1)

m2(m− 2)
≥ 0, (4.26)

Ïd

2m

m− 2

∑
α, β

tr[(Bα)2(Bβ)2] ≤ (
∑
α

‖Bα‖2)2 + 2
∑
α

‖Bα‖2 ·
∑
β

‖Bβ‖2 +
2(m− 1)

m2(m− 2)
, (4.27)


� ∑
α

‖Bα‖2 =
∑
β

‖Bβ‖2 =
m− 1

m
, (4.28)

u´k ∑
α, β

tr[(Bα)2(Bβ)2] ≤ (m− 1)(3m2 − 9m+ 8)

2m3
, (4.29)

Ù¥�Ò¤á��=�Mm´�/²"� Bα�que�Ý
��

0 u 0 · · · 0

u 0 0 · · · 0

0 0 0 · · · 0

...
...

...
...

0 0 0 · · · 0


n×n

,



u 0 0 · · · 0

0 −u 0 · · · 0

0 0 0 · · · 0

...
...

...
...

0 0 0 · · · 0


n×n

ùÒ�¤
½n A�y².

5P þã� x(Mm) Möbius�du Veroness­¡�,K�Ò¤á.

~ 1 � S2(
√

3) = {(x1, x2, x3) ∈ R3|x21 + x22 + x23 = 3},½ÂN� x : S2(
√

3)→ S4(1)Xe

y1 =
1√
3
x2x3, y2 =

1√
3
x3x1, y3 =

1√
3
x1x2

y4 =
1

2
√

3
(x21 − x22), y5 =

1

6
(x21 + x22 − 2x23),

K S2(
√

3)´ S4(1)�4�f6/,¡� Veroness­¡.
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À�T��Ie,K1�Ä�/ª©O�[
1√
3

0

0 − 1√
3

]
,

[
0 1√

3
1√
3

0

]

d ρ2 = 8
3
Ïd

B3 = ρ−1

[
1√
3

0

0 − 1√
3

]
=

[
1

2
√
2

0

0 − 1
2
√
2

]
, B4 = ρ−1

[
0 1√

3
1√
3

0

]
=

[
0 1

2
√
2

1
2
√
2

0

]

d�Mm = S2(
√

3)´ S4(1)¥� Veroness­¡.


�

(B3)2 =

[
1

2
√
2

0

0 − 1
2
√
2

][
1

2
√
2

0

0 − 1
2
√
2

]
=

[
1
8

0

0 1
8

]
,

(B4)2 =

[
0 1

2
√
2

1
2
√
2

0

][
0 1

2
√
2

1
2
√
2

0

]
=

[
1
8

0

0 1
8

]
,

þãØ�ª�>
∑

α, β tr[(B
α)2(Bβ)2] = 1

8
, m = 2�\m> (m−1)(3m2−9m+8)

2m3 = 1
8
.

d�þãØ�ª�Ò¤á.
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