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Abstract

In this paper, we study the semi-invariant submanifolds of a locally product Rie-

mannian manifold. Firstly, for the semi-invariant submanifolds of a locally product
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Riemannian manifold, the necessary and sufficient conditions for its vertical distribu-

tion to be completely integrable are given by the Weingarten formula. Secondly, a

sufficient condition is obtained for the semi-invariant submanifolds of a locally product

Riemannian manifold to be mixed-geodesic submanifolds.
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E(� J ��È5 [1]. 1958 c, Yano &Ä
��aqE(��1w(�
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ÛÜÈiù6/�ØCf6/Ú�
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ù�af6/. BejancuÏL1�Ä�/ªB �Ñ
ÛÜ

Èiù6/��ØCf6/�R�©Ù D⊥ ÚY²©Ù D ©O���È�¿�^� [7]. 2003 c,

Atceken �|^1�Ä�/ª B �Ñ
R�©Ù D⊥ ÚY²©Ù D ©O���È�ØÓ¿�^
� [9], 2005c, Atceken /Ï�þ©)��{q��
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�©òÏLWeingarten úª�ÑR�©Ù D⊥ ���È�¿�^� AFZW ∈ D⊥, ùí2


Atceken 3©z [10]¥¤��� AFZW = 0 ù�(Ø, 4�/´L
R�©Ù����È5.

�ÿ/f6/´iùAÛ¥�a�~kïÄd��f6/, ÛÜÈiù6/��ÿ/�ØCf

6/�´�©­�. �ÿ/�ØCf6/Ï�Ù©Ù�À�ØÓ, kn«a., =·Ü�ÿ/�ØC

f6/, D⊥ �ÿ/�ØCf6/, D �ÿ/�ØCf6/ [10].
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�©�,��¯K´&ÄÛÜÈiù6/��ØCf6/¤�·Ü�ÿ/�ØCf6/�¿

©^�.

Äu±þ©Û, �©�ïÄ�±���«�EäkR�©Ù���È��ØCf6/�k��

{, ��±���«�EÛÜÈiù6/�·Ü�ÿ/�ØCf6/�k�å».

2. ý��£

�!Ì�0�ïÄ¤I�Ä�Vg, ¿�½ÎÒ.

� (M̄, ḡ) Ú (M, g) ©O´ m + n �Ú m �iù6/, (M, g) ´ (M̄, ḡ) ��åE\f6/.

� TM̄ Ú TM ©OL« (M̄, ḡ) Ú (M, g) ��m, ∇̄ Ú ∇ ©O´ (M̄, ḡ) Ú (M, g) þ�éä. -

T⊥M L« (M, g) �{m, = TM̄ = TM ⊕ T⊥M , ∇⊥ L« (M, g) þ�{éä.

(M̄, ḡ) ��å�\f6/ (M, g) � Gauss úª� [15]:

∇̄XY = ∇XY +B(X,Y ), (1)

Ù¥ X,Y ∈ TM , ∇XY ∈ TM , B(X,Y ) ∈ T⊥M .

(M̄, ḡ) ��å�\f6/ (M, g) �Weingarten úª� [15]:

∇̄Xξ = −AξX +∇⊥Xξ, (2)

Ù¥ X ∈ TM , ξ ∈ T⊥M , AξX ∈ TM , ∇⊥Xξ ∈ T⊥M .

∇̄XY 'u (M, g) �{�©þ B(X,Y ) Ú ∇̄Xξ 'u (M, g) ���©þ AξX kXe'X [15]:

ḡ(AξX,Y ) = ḡ(B(X,Y ), ξ) = ḡ(X,AξY ). (3)

½½½ÂÂÂ 2.1 [5] � (M̄, ḡ) ´iù6/, F ´ (M̄, ḡ) þ��È(�, e ∀X̄, Ȳ ∈ TM̄ , k

ḡ(FX̄, F Ȳ ) = ḡ(X̄, Ȳ ), (4)

K¡ (M̄, ḡ, F ) ´�Èiù6/.

½½½ÂÂÂ 2.2 [5] � (M̄, ḡ, F ) ´�Èiù6/, e ∇̄F = 0, K¡ (M̄, ḡ, F ) ´ÛÜÈiù6/.

½½½ÂÂÂ 2.3 [7] � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) ��åE\f6/, e (M, g) �R�©Ù

D⊥ ÚY²©Ù D ÷v:

(i) TM = D⊥ ⊕D;

(ii) F (D) = D;

(iii) F (D⊥) ⊂ T⊥M ,

K¡ (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) ��ØCf6/.

� dim(D⊥) = 0�,¡ (M, g)�ØCf6/ [6]; dim(D) = 0�,¡ (M, g)��ØCf6/ [6].

� (M, g) ´�ØCf6/�, � V ´ F (D⊥) 3 T⊥M ¥���Ö©Ù, = T⊥M = F (D⊥)⊕ V.

···KKK 2.1 [15] �N� B : TM × TM → T⊥M ´ (M, g) 3 (M̄, ḡ) ¥�1�Ä�/ª, K B
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´é¡�� C∞ V�5�, = ∀X,Y ∈ TM , k:

(i) B(X,Y ) = B(Y,X),

(ii) B(aX, bY ) = abB(X,Y ).

½½½ÂÂÂ 2.4 [15] � (M, g) ´ (M̄, ḡ) ��åE\f6/, e (M, g) 3 (M̄, ḡ) ¥�1�Ä�/ª

B = 0, K¡ (M, g) � (M̄, ḡ) ��ÿ/f6/.

½½½ÂÂÂ 2.5 [9] � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) ��ØCf6/, e ∀X ∈ D, Z ∈ D⊥, k

B(X,Z) = 0, K¡ (M, g) ´ (M̄, ḡ, F ) �·Ü�ÿ/�ØCf6/.

½½½ÂÂÂ 2.6 [10] � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) ��ØCf6/, e ∀X,Y ∈ D,

Z,W ∈ D⊥, k B(Z,W ) = 0 (½ B(X,Y ) = 0), K¡ (M, g) ´ (M̄, ḡ, F ) � D⊥ (½ D ) �ÿ/�

ØCf6/.

½½½ÂÂÂ 2.7 [16] � Dl �m �¢�©6/M � l �©Ù, e ∀X,Y ∈ Dl, k Lie )Ò

[X,Y ] ∈ Dl,

K¡©Ù Dl ÷v Frobenius ^�.

ÚÚÚnnn 2.1 [16] � Dl � m �¢�©6/M � l �©Ù, K©Ù Dl ���È�du©Ù Dl

÷v Frobenius ^�.

···KKK 2.2 [5] � (M̄, ḡ, F ) ´ÛÜÈiù6/, K ∀X̄, Ȳ ∈ TM̄ , k

∇̄X̄(FȲ ) = F (∇̄X̄ Ȳ ). (5)

···KKK 2.3 [9] � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) ��ØCf6/, K ∀Z,W ∈ D⊥, k

AFZW = −AFWZ. (6)

ÚÚÚnnn 2.2 [9] � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) ��ØCf6/, T⊥M = F (D⊥)⊕V, K

D⊥ ���È��=� ∀X ∈ D, Z ∈ D⊥, k

B(X,Z) ∈ V. (7)

3. �ØCf6/

�ØCf6/��mÚ©Ùk�©���'X, ÏdÏL©Ù5�x�ØCf6/´�~k¿

Â�. �!Ì�&ÄÛÜÈiù6/��ØCf6/�R�©Ù D⊥ ���È�¿�^�±9�Ø
Cf6/¤�·Ü�ÿ/�ØCf6/�¿©^�.

···KKK 3.1 � (M, g)´ÛÜÈiù6/ (M̄, ḡ, F )��ØCf6/, K ∀Z,W ∈ D⊥,X ∈ D, k

ḡ([Z,W ], FX) = 2ḡ(AFZW,X). (8)
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yyy²²² �â½Â2.3, ∀Z,W ∈ D⊥, k FZ,FW ∈ T⊥M , 2d(2), ��

∇̄Z(FW ) = −AFWZ +∇⊥ZFW, (9)

∇̄W (FZ) = −AFZW +∇⊥WFZ. (10)

d(9)~�(10), ��

∇̄Z(FW )− ∇̄W (FZ) = −AFWZ +AFZW +∇⊥ZFW −∇⊥WFZ. (11)

duW,Z ∈ D⊥ ⊂ TM ⊂ TM̄ , A^(5), �±��

∇̄Z(FW )− ∇̄W (FZ) = F (∇̄ZW )− F (∇̄WZ) = F [Z,W ]. (12)

�â(6), ∀Z,W ∈ D⊥, k

−AFWZ +AFZW = 2AFZW. (13)

ò(12)Ú(13)�\(11), �

F [Z,W ] = 2AFZW +∇⊥ZFW −∇⊥WFZ. (14)

Ï� ∇⊥ZFW −∇⊥WFZ ∈ T⊥M,X ∈ D ⊂ TM , ¤± ḡ(∇⊥ZFW −∇⊥WFZ,X) = 0, �d(14)�±�

�

ḡ(F [Z,W ], X) = 2ḡ(AFZW,X). (15)

�â(4), ¿5¿� F 2 = I, k

ḡ(F [Z,W ], X) = ḡ(F 2[Z,W ], FX) = ḡ([Z,W ], FX). (16)

d(16)Ú(15), ´�

ḡ([Z,W ], FX) = 2ḡ(AFZW,X).

½½½nnn 3.1 � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) ��ØCf6/, K D⊥ ���È��=�
∀Z,W ∈ D⊥, k AFZW ∈ D⊥.

yyy²²² � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) ��ØCf6/, dÚn2.1��, D⊥ ���È
�du [Z,W ] ∈ D⊥, l
 ∀X ∈ D, k ḡ([Z,W ], FX) = 0, 2d·K3.1, ù�du AFZW ∈ D⊥, =

D⊥ ���È��=� AFZW ∈ D⊥, ½n�y.

½½½nnn 3.2 � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) ��ØCf6/, e D⊥ ���È, �

F (D⊥) = T⊥M , K (M, g) ´ (M̄, ḡ, F ) �·Ü�ÿ/�ØCf6/.

yyy²²² � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) ��ØCf6/, �â(3), ∀Z,W ∈ D⊥, X ∈ D,

k

ḡ(AFZW,X) = ḡ(B(X,W ), FZ). (17)

DOI: 10.12677/pm.2022.122030 261 nØêÆ

https://doi.org/10.12677/pm.2022.122030


>áL�

d·K3.1Ú(17), ´�

ḡ([Z,W ], FX) = 2ḡ(B(X,W ), FZ). (18)

�âÚn2.2, D⊥ ���È�du B(X,W ) ∈ V, 2d F (D⊥) = T⊥M , = T⊥M ¥Ø�3©

Ù V, �(18)¥ B(X,W ) = 0. l
d½Â2.5��, (M, g) ´ (M̄, ḡ, F ) �·Ü�ÿ/�ØCf6/,

½n�y.

íííØØØ 3.1 � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) �·Ü�ÿ/�ØCf6/, K (M, g) �R

�©Ù D⊥ ���È.

íííØØØ 3.2 � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) �·Ü�ÿ/�ØCf6/, K ∀Z ∈ D⊥,

X ∈ D, ξ ∈ T⊥M , k

AξZ ∈ D⊥,

AξX ∈ D.

íííØØØ 3.3 � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) � D⊥ �ÿ/�ØCf6/, K ∀Z ∈ D⊥,

ξ ∈ T⊥M , k

AξZ ∈ D.

íííØØØ 3.4 � (M, g) ´ÛÜÈiù6/ (M̄, ḡ, F ) � D �ÿ/�ØCf6/, K ∀X ∈ D,

ξ ∈ T⊥M , k

AξX ∈ D⊥.

4. (Ø

�©�Ñ
ÛÜÈiù6/��ØCf6/�R�©Ù D⊥ ���È�¿�^�, =

AFZW ∈ D⊥, l
�±���«�EäkR�©Ù���È��ØCf6/�k��{. �©�

��
ÛÜÈiù6/��ØCf6/¤�·Ü�ÿ/�ØCf6/�¿©^�, �±dd5�E

ÛÜÈiù6/�·Ü�ÿ/�ØCf6/.
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