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Abstract
In this paper, first of all, the mathematical model I is established on anisotropic heat conduction
equation in m dimension infinite domain. Mathematical model I: seek {W(X,t); X(t)} , make it sa-
tisfy to

1 n ow
= Z:: a 6xk6x +k:1(r—qk)a—rw+y(t)5(x— x(t)),xeR™, x(t)e R",0<t<T
X, O) 0,xeR" m

( ) maxw (x,1),0<t<T

lim |w| < o, I|m |W| <o

The free term of the equation is y(t)é‘(x - X(t)) , among them, 6(X— X(t)) is m dimensional Di-

racfunction, 7(t) is strength function of singular source. The exact solution {w(x,t); x(t)} of

the mathematical model I is obtained by the matrix theory and the generalized eigenfunction me-
thod, under the condition that the matrix A= (akj) is real symmetric positive definite matrix
mxm

and A=BB'.The matrix B is a lower triangular matrix, whose main diagonal element is positive.
The singular internal boundary is demonstrated as X(t) =tBv+ x4, T >t>0. We establish the free

boundary problem II, and problem II;, on homogeneous heat conduction equation. The problem II,
is free boundary problem in region E_ (t) The problem II; is free boundary problem in region

E, (t) It is also solves these two questions of problem II, and II,. These two free boundaries are

thesame Xx(t)=tBo+x,T>t>0.
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1 t kgl (t=r) ~m (27 % ’{[B (z(t,(r)))}} “k[Bfl(X*X(T))}
ey ailit=k
e B o] ]
- M (t—z m k (t-7)ux
(2 )1m|B|ﬁ7(f) SR H(tz_fj e e
T PN
m ~ ~ 2 ~ ~ 2
HT ;[(B lX)k —(B 1X(‘r))k —(t—T)Uk:| =||B 'x-B 1X(z’)—(t—r)u"
1P
[t oo
W (X,t) = 1m | | ;(t _ T)—E }/(T)e—r(tf‘r)e 2(t-1) df (75)
(2n)2|B

¥ (66) AN (73) BN
V() = [ p(&)e T e [ el e e el g

(271)’“ |B| am -
— 1 d T {%+ﬂt o —%kzt iﬁk[sfl(xfg)]kd
_(2n)m|B|ij¢(§) 51;!9 I_we e B,

1 o Jor) o]

V(xt)=——[.0()d e " Mo 2

(2nt)?|B| k=1

1 i fw;;_t {[B’l(x—é)}k}Z—Z[Bfl(xfg)}kmk+[mk]2{mk]z
=——[wo(5)de[Je " Ve zt
(2nt)2|B| k1

1 m ;“k;%} {[B’l(xff)}kftuk}zf[tuk]z
:—mJ.me(f)deZHH ‘e 2t
(2nt)5|B| k=1

e Sl (o) ]
= [wo($)e & ae

(2nt)z 8]
T
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Vixt)=— [ p()e 2 dé (78)

B SEAR VR | AR V (X, 1) I 20E 3R(78) 2RI AN (5) ZURAL, MR i W (X, t) (15 2 (75) 20 B[ (6) 2L«
TR 3.1.1 UFEE.,
v 3.1.1: 7EEB 3.1.1 %A 4)F, Zk(B)= A7 AR 4 7E Q Zaxt —Eulkesh, WIFTRRMV £ Q%

4, BV eC@): H%iﬁg—\;eC(g),%eC(g)o

3.2. m RSB EEF AL IHFENTRALREE

BEFARRL | (m 4055 X% [ 3RS IR iR S 07 B RN R 2 AR iU =T 53 N3 5 1H) ) -
R w(xt)x(t)}, 2

%:%kilakj afk;;,(j +kzr:‘(r —qk)%— rw+y(t)5(x=x(t)),xeR",x(t)eR",0<t<T (79)
w(x,0)=0,xeR" (80)
W(X(t),t):Q%W(X,t),0<t<T (81)
im |wf < oo, imw] < ©2)

SEEE 3.2.1 (BUEHEAL | BRI : &
1) A=(ay) A mErSORFRIEERE, A=BB (B AIEL F =Kk
2) X(0)=(% ()% (1) €R™ X, () HFA AL, k=L,
3) 7(t)eC([0.T)).7(t)=0;:
WIBCERERL | (78536 RS BRI {w(x,t); X ()} -

] BB x(e) (1)

Wixt) =——[{(t=7) 2 () e AT dr (83)
(2n)2 8|
x(t)=tBo+ T >t>0 (84)

TERA: 5@ MR | SR W (x,t) FiE X (6) BN (83) i 2 (79)xX, (80)x, (B2)X =K. 4
[Bx—B ()~ (t-2)o]
=(B™x-BX(r)-(t-7)v,Bx-BX(r)~(t-7)v) (85)
23 (xtx(zr),7)23
NS 3.2.1 Al 3 3.2.2 SERGE B 3.2.1 UERH Rl DAHh 5] 3 3.2.3 ATl 3 3.2.4 SEMEHE 3.2.1
FERT . id
B'x(t)-B™x(7)—(t-7)v=0,Vt>7r>0 (86)
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52 3.2.1: (86):\&E M T(84)x\ .
ER: H(86)HI A fEZ%
B™x(t)-tv=B"x(z)-7, Vt>7 >0 (87)
% r=0R/11%
B'x(t)-to=B"x(0)
7E b AW v A 7fe B A FERIA
x(t)-tBo=x(0)2 y (88)
HI73(84) e R2Z(84)3NM L, Vt>7>0, A x(t)-tBo=y M x(r)-rBo =y Mk, 9 2CHIRIIA fE 25X
X(t)-x(r)-(t-7)Bv=0,Vt=7>0; 7£ Fa\Pist A e B~ HEFERIA (86) 7ML«
SHE 3.2.2: #(83)X, (84)=kor; MIA (81 koL,
UEBH: #7(84):Upkar, NIA (86)xNmor, BRI
B™x(t)-Bx(7)—-(t-7)v=0,vt=7>0

ettt 7HB’lx—B’lx(r)—(t—r)qu

2t=r) =1>e A=) >0,VxeR", Vt>7>0 (89)

e
H(83)x, WA (81)A KA. HEEE.
5] 2 3.2.1 AI5| B 3.2.2 BPA1(83) (84) 3\ /2 (8L)3, M /2 HU AR AL 1. HIFHE
B3 3.2.3: 24(83)M(84) AL, NIA

ow ow
—>0,(xt)eQ_,k=1---m; (b)) —<0,(xt)eQ,,k=1---,m,
(a) an> (x.t)e m; (b) an< (xt)eQ, m

BT T
3 =[Bx-B(z)~(t-7)o| =[cTx~CTx(r)~(t~7)o|

a 0(CTx=C"x(z)~(t-7)v,CTx~Cx(7)~(t-7)v)
X, X,

oc’ 0
X
=2 . C'x—=C™x(7)-(t-7)v
& (-0}
D ciX;
Cy  Cy X = w
C'x=| + . Y= : (91)
Cm = Com || Xm <
L chmxj
j=1
2. CinX;
j=1
ox_o| " || 92)
ox o ox | c.
2 CinX; "
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Cll
:Z[CT(X—X(T)—(t—T)BU)]T : (93)
CIm
Cll
=2[x—x(r)—(t—r)Bu]TC :
CIm
FH(93) BRI, (84)3 M L i 78 B 46 A4 2
Dl Co1=12m (94)
ax' x=x(t)
N H
. i Jpis (e "
—(xt)=— O(t—r)3 r(r)e e A=) —dr (95)
6X, 2(27_5); | B| 6X|
GJ CI1
6_)(,:2 LE ,CTX—CTX(T)—(t—T)U (96)
CIl CIl
§—J=2(CTX—CTX(1)—(I—T)U)T L |=2(x=x(r)-(t-7)Bv) C| : 97)
XI CIm CIm
@(xt)eQ , —o<x<x(t),Vt>0
x—x(7)-(t-7)Bo<x(t)-x(z)-(t-7)Bv=0
HIFS)
x—x(z)-(t-7)Bv<0 (98)
a3 3)'E@é%i’eﬂﬂ?%'=g—j<0,l =12,m: FEHIO5) R
|
v(x,t)le,sﬂX(x(t),tbO,l:1,2,---,m (99)
|
NIE:]
w(x(t),t)= (rpaftﬂw(x,t),0<t<T (100)
B
(b)(x,t)eQ+,—X(x(t),t)<0,I:1,2,---,m (102)
|
NGIEE]
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w(x(t),t)= rgl§§<)w(x,t),0<t<T (102)

517 3.2.3 1FHE
i
%(x(t),t):o, 1=12,-,m Vte(0,T) (103)
1

513 3.2.4: h(83)AHE M w(x,t), 75(84):5(103)= %4 .

HERA: f1(95) 3R, 24 HAL 24(94) oz A (103) sUAAL « MM 24 HAX 24(84) 2UR AL I 4 (103) kL

51# 3.2.4 5

2(83)F(84) ALy, A 512 3.2.3, 5 3.2.4 BiAL, MIMIA(103), (100):, (102)x0mkar,
(81)ApL, R3] E H 3.2.1 IIEM] . IEHE.

Bk 3.2.1: sEHE 3.2.1 thfif w(x,t) HI(83): &, eI T A FHURERE SRy (t) > 0 1OBfisE . Hi(83)
X, (86)BP %N

W(x(t),t) =—=— [\ (t=7) 7 (£)e " £ 1) (104)
(2x): |8
LB B () NERRA,
[L(t=2) 2 (r)e Dz = (2n)2 B u(t) (105)

J T2 R B K p (1) R o R0 3R S0 28— 2K Volterra B 7L
WE 3.2.2: 7 FURARIE Ay () AT LU RS, BB TN

[0 (t- 7) 2 7(0)e dr = (2n)2 18| u(t) (105)"

o, #E B p(t)=( n)’?|B|’lt’ge*" s IBAE y (t) =5 (t),t > 0 & LA 5 J7 72 (105) iR -
SEMEIRE 11 (m 2&3&9‘5’Eiﬁ%l‘:ﬂﬁ#‘ﬁﬁ‘ﬂ?’kﬁ%ﬁﬁﬂtﬁ)ﬂ%}]#ﬁ%ﬁmmﬁrﬂ%ﬂ)=

m v
N_1 - ——rV R",0<t<T 106
at 2;,:1 kJaxkax kZ( %)7 X, xernusts (106)
V(x,0)=p(x),xeR" (107)
lim [V| <o, lim |V |< o0 (108)

FHSEEE 3.1.1 B M Il 8 1 A el (B) :N4s H o
SEFE 3.2.2 (B || IEHIMER EH): # x(t) h@4)=\Fk i
2) Zp(X)=6(x—x), x eR™: EMIE I B)7E5 ol RS T =N

— 2
nt —iH Bflx—Bfll—luH

V(x,t)=e—me 2t (109)
27tt |B|
oV oV -
ﬂa—>o( t)eQ ; 6—<O(x,t)eQ+,k:1,---,m, WL maxV (x,t)=V (x(t),t),0<t<T .
Xy X xeR™

2
e

2) Agpeh,,) 0<p(x)<Me 7 ,0<O<L: M I II7E50 EH ARG B 1 R

%1
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= Ieesenf
V,(xt)=———[ p(&e 2 d& (110)
(2nt)2 8] "
ﬂZVa(x,t)>o,(x,t)eg_,k6{1,2,...,m}, e (fT1a>§t)]Va(x,t):Va(x(t),t),0<t<T;
Xy Xxe(—o0,X
3) HpeA_, ,0<p(x)sMe 2 ,0<0<Ls EMIE I HIFEALI ORI 20
e ,M
V,(xt)=————[  o(&)e xodg 111)
(2nt)z|B| "
H%(x,t)<0,(x,t)e§2+,ke{1,2,...,m}, W r[n(%x )Vb(X,t)=Vb(X(t),t),0<t<T0
Xk Xe| X(t),0

HEBI: 1) Yp(x)=5(x-x), zeR™s HX(t)=tBo+ 7,t>0 M(S), FEMFIE I (AR Fh

e [ortx-e ]
V(x,t):—Emed(;(—g)e e
(2nt)2 (8] (112)
e 7%“5*&734144‘2
(2nt)2 8]
-1 -1 2 -1 -1 2
0=[Bx(t)-B 'y -to] <[B'x-B"7-1] (113)
e—zitHBflesfllwaZ < e—zitHBflx(t)—Bfllwaz (114)
et
V(xt)<V(x(t),t)=——— (115)
(2xt)z 8
W maxV (x,t)=V(x(t),t),0<t<T .
xeR™M
. b =T ov oV
5N 2) R IE B 77 7 2R A AT g>0,(x,t)e§2_; §<0,(x,t)eQ+,k:1,---,mo
k k
e
2) AgeA,,) 0<p(x)<Me 2 ,0<O<1: EMFIE I (¥ 78 53 e ARSI V, (X, t) AT ER (110)%%
H, id
Allg-t -1 2 T T 2 T T T T
1£[B7x-B ¢ -t] =[CTx-CTé-to| =(CTx-CT¢-tr,CTx-CT¢ - )
1 (110)H
-t e Ty T e
N, 1 em _[ (p(é)ethC cTe-u] ﬂd(’e (116)
OXy 2t (2nt)5|B| (z) OX
d{Cx-CTé—tv,C"x-CTE -t T
a9 s d @zzacﬁdxcw_w (117)
OX, OX, OX,
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B} Ci X
C11 le Xl ; .
Clx=| ¢ " | :]=] (118)
C1m Cmm Xm_ ZCJmXJ
=
2Cn% | -
cx ol|” Fu
X 0% | . c
chmXJ -
i1 ]
c
T k1
O [ X cry_cTe—w)=2(| i [.cTx-CTE—tw
OX, 0%, c
m (120)
- Ckl
=2(C"x-Cé-t) | :
Ckm
Hi(xt)eQ ,—o<x<x(t);Ee(y,®), y<E<w
H x-E-tBu<x(t)- y-tBu=0
B
X—&—But<0 (121)
FH5IE 3.1.1 3y R iR RIS
al Ckl
a—=2(x—§—tBu)TC P |<0kefl2,-,m} (122)
Xk ckm
i)
-t Lg-pL —v f
Voo 2" 1 e e o ke m) (123)
OX, 2t (2nt)?|B| (z) X,
HIESH
o\%
p 2(x,t)>0,(x,t)eQ_ke{l,2,-,m} (124)
X

e (rpa>§t)]va(x,t)=va(x(t),t),0<t<T;

e
AMpel,,, 0<p(x)sMe ,0<0 <L TR N 17850 618 RS HAR V, (X, 1) 7T HI(111) %
I':Elo %

(x,t)e Q. x(t)<x<ow; Ee(—0, x),—0<E< y;

x—&—tBu>x(t)- y—tBu=0 (125)
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5 2)hiEmI A, mi5I B 3.1.1 ) LB NS

Cet
ﬂZ(XftBu)TC|: : ]>O,ke{l,2,---,m} (126)
OXy
Ckm
N(]
ov,
—2(x,t)<0,(xt)eQ, ke{l2,-,m} (127)
X,

2 max )vb (xt) =V, (x(t),t), 0<t<T , iEke

PR 11 (m BT T X&) ek e ST B3RS RG24 2 7 P A2 57 6] ) -
ER{U(X,t);x(t)} s s

u 22 Vo +g( )—k—ru+y(t)5(x X(1)), xe R™, x(t)eR"™,0<t <T (128)
u(x,0)= (x),xeR" (129)
u(x(t), t)=rxnaxu(xt) 0<t<T (130)
lim [u] < oo, lim|u[ < o (131)

EH 3.2.3 BFHE 1| FRAGS HERNFECHE): &
DA=(ay) mBrSUFRIEERRE, A=BB' (B AILL F =%,
2) 7(t)eC([0,0)),¥(t)=0,
3) (/)(X):5(X—}();
TUHCFERERY 11 FELE TS 530 HORS AR {u (x.t), x (1)} -
X,

u(x,t)=w(x,t)+V(xt) (132)
x(t)=tBo+x,T>t>0 (133)
Horp
V(xt efrn: el e (134)
27tt |B|
. i _HBflx-Bflx(f)-(t-r)uHZ
wixt)=——[(t-z) 2 y(c)e e T dr (135)
(2n)2 g
EBA: e 3.2.1, EH 3.2.2 BIf§. iEEE
W 3.2.1 (WFHEE | FRAUF NERNFLEEHE): &
1) A=(ay) A mBrsFRIEER R, A= BB' (B NIELL T = A4EFE);
2) y(t)=6(t),t=0;
3) go(X):&(X—;() H
K R 11 AE0E 78500 TR {u (x,), x(t)) -
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g g L]
u(x,t):w(x,t)+V(x,t): ——e 2t (136)
(27)2 8]
x(t)=tBu+ x,T>t>0 (137)
Horp
)
V(xt)=———e 2 (138)
(2m)z[B|
(ren e
w(x,t)= ——e 2t (139)
(2m)2 8]

3.3. m # B ERMFTFRAEFHIREFFR DG SFHH B BRILFEIE 1,70 11,

WBIRR 11, (m & [ R RRE R RIEFIRIIERAFEX I Q_ _E# B Bl 5 E):
Ffu(xt),x(t)), B2

ou 1 azu m ou

a2 i U)o, —0,X(t)),0<t<T 140
P 2k‘j:1ak, onx, +k§(r qk)axk ru, x e (-0, x(t)), 0<t< (140)
u(x,0)=p(x),xeR" (141)
u(x(t).t)= (’I‘af‘)]u(x,t),0<t<T (142)
lim Ju| <o (143)

FEFE 331 (H B WA 11, MR AEEE): 75
1) A=(a,) B mBTSHEREZ AR, A=BBT (B HIEL T =K,

2) y/(t)eC[zx[O,oo)),y(t) >0,
i

3) goeA(l‘w),OSgo(X)SMe T 0<6<1;
) B H 3 5 )R 1 A7 78 50 T8 RORS T {u(x,t),x(t)} :

u(x.t)=w(x,t)+V, (x,t) (144)
x(t)=tBo+x,T>t>0 (145)
Hor

n HB’lx—B’lf—thz

V, (x,t)=—— p()e 2 dé (146)
(2nt)z[B] "
1 n 7HB’1x—B’1x(r)—(l—r)uH2
w(x,t)= — ;(t -7)2 }/(T)efr(H)e A=) dr (147)
(2m)2 [B|

B BTFYx=x (), §(x=x(t))=0, #24 xe(—o,x(t)) I, w(xt)#LFrRrF140), Mifi
(144) 3 2.(140) (141) (143)= s #1518 3.2.3 1FHI1(100)=0 47 W(X(t),t) = max w(xt),0<t<T, ¥

xe( 0 x(1)]
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EH3220EH TV, (x 1) 2 max V, (xt)=V,(x(t),t),0<t<T; it

xe(-o0,x(t) ]

u(x,t)= X(rpooazﬁ]w(x t)+x€(mai§t)]v (x1)

=w(x(t),t)+V, (x(t).t)=u(x(t),t),0<t<T

max
Xe(foo,x(t)]

B3 (142) 5oL, TIF
W 3.3.1 (H HL R 1, BN CHE): #
1) A=(ay) I mBTIORFRIEEMERE, A=BB' (B NIEL N =M,

2) y(t)=6(t),t=0

Ao
3) goeA(l‘w),OSgo(X)SMe T 0<6<1;

D E A i) Ilaﬁﬁﬁﬁj\ﬁ‘t?ﬁ’ﬁ’ﬂ*ﬁ%%{U(X,t),x(t)} :

u(x,t)=w(xt)+V,(xt) (148)

x(t)=tBu+ T >t>0 (149)
Hrp

o

V, (x,t)= p(&e & dg (150)

(2nt)2 8™
7“571)(7571)(([)“2

2(t-9) (151)

—rt
W(x,t)ze—e

(2nt): [g

LB 11, (m 4% 161 R U He B R AR WA 4% B TE K 8. 0. _E 1O 1 1357 0B
*@unman,ﬁﬁﬁﬂ

ot 212,21 ki 6Xk6X +kZ;( —qk)——ru Xe(X(t),oo),O<t<T (152)
u(x,0)=p(x),xeR" (153)
u(x(t).t)= max u(xt),0<t<T (154)
lim|u| < oo (155)

SEHE 3.3.2 (H S HE 1, R EEEE): 4
1) A=(ay) A mErSORFRIEERE, A=BB' (B AIEL F =Kk

2) 7(t)eC([0,0)),¥(t)=0,
i

3) weA(fwvl),OS(p(X)sMe T 0<6<1;
] 5 3 P R A7E 7S 53T O B {u (X, 1), X (b)) -
{u(x,t)=w(x,t)+vb(x,t) (156)

x(t)=tBo+x, T >t>0 (157)

Hr
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" ot
V, (x,t) = - p(&)e 2 d& (158)
(2nt)z|B| "
. i _HB’lx—B’lx(r)—(t—r)qu
wixt)=—=—[(t-z) 2 y(c)e e T dr (159)
(2)2 |B|
B BTFYx=x(), S(x-x(t))=0, #2xe(x(t),) 1, w(xt)#eFRrf152), i

(156) =X,
/2 (152) (153) (155) —==0; H 51 # 3.2.3 iEBH H1(102) 5k

w(x(t),t)= max w(xt),0<t<T,

xe X(t).0)

FEFE 3.2 2 UEHT TV, (x,1) 2

r[n(ag( )Vb(x,t)zvb(x(t),t),0<t<T HIFE!

iy u0et) = i wiet)+ o e (x1)

=w(x(t),t)+V, (x(t),t)=u(x(t),t),0<t<T

H14#53(154) 35Uz TR .
HEW 3.3.2: (HBHGARE I, BRFFEEHE): &
1) A=(ay) A m B FRIEERFE, A=BB' (B AIELL F = fMHFE):;
2) 7(t)=6(t),t=0;
e

3) peA,, 0<p(x)<Me T ,0<0<1;
U ph R A R, A 764 R AR {u (1), X (b)) -

u(x,t)=w(x,t)+V, (xt) (160)
x(t)=tBo+x,T>t>0 (161)
N ¢I
n Jpte ]
e e |
V, (xt) = —— fe T de (162)
(2at)z |
e_n 7H871X—571X(I)H
w(x,t)= —e 2t (163)
(2xt)2 8
4. &g

1) XFTAE m 4E(m EIEBE) T 55 X8 R™ (A 8 05 FE AN 2 % 1 e il L e f, m] DL Ak AR S
Z 5 I ) SR A ﬁ%&EIXiﬂZQé{(x,tﬂxG Rm,te(o,T)}ﬁE~%%EﬁB’\J§EWﬁﬁ
ré{(x,t)|x:x(t),te(o,T),Vt1 ¢t2,x(t1)¢x(t2)}
FENLET NI EECERE RS | BRI R R AL X () = tBo+ 2, T > t> 0l /2 el 7 11, 0 B 11, 24 3
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) FE4M A=(a,) o m BNSxbRRESERE, A=BBT (B WIES F= AR e #8 T EHIX

mx

1 R™ () m 4k ) L SRR R S 1 R 1, AR AE T T RS AR . ) 1, R )
N, BA ALK H B X(t)=tBU+;{,T >t>0, Hr Ué(Ul,"',Um)T ;U :Zp:(qk _r)ckp' p=1---,m.

k=1

AARY m 4 & Bo B m 4 A PR AVE ST R LA T S 58, 05, F MEBE
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