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Abstract

In this paper, we investigate the [ p, q] -order of solution of second-order linear differential equa-
tion f"+A (z)f'+A(z)f=F(z), where Aj(z), A(z) and F(z) are analytic functions in the

unit disc. We obtain several theorems about the growth and oscillation of solutions of differential
equations.

Keywords

Differential Equations, [p,q]-Order, Unit Disc

BHARIAZ MRS BB p.q) %

TLPEIME R 2= 5145 Bk 2, ME
Email: gongpanl2@163.com

ks H i 20144E7 H10H ; &R HBA: 201448 H6H; FHHB: 20144F8H15H

W =
LEFF LGB N W REMATRE 17+ A (2) T+ A (2) T = F (2) [ p.] & 3 A (2), A (2) T

(=)


http://www.hanspub.org/journal/pm
http://dx.doi.org/10.12677/pm.2014.45023
http://www.hanspub.org
mailto:gongpan12@163.com
http://creativecommons.org/licenses/by/4.0/
mailto:gongpan12@163.com

g6 3 5 A R P RS T RR AR [ p, ]

F(z) RBAI B NN RS BATKAZ—SM T BRI ERG 5.

XA
WA, [pa]%k, BALE

1. 53|

fBE 13 #AZB ML 40 bR 4 ) Nevanlinna BRG7E &1 A AL A = {z:|z| <1} (C[1]-[5]) AR, JF
H p(f)FomiihilEl ek f(2) KR, &k, 1R% %% A Nevanlinna BLIRHF 5T T 8L P 2R oy
FFEMRRIE KA, I HAAR TRZ WL X[6]-[12]). 7E3CHR[13] [14]%, Juneja, Kapoor i1 Bajpai fff 7t
TEERH [ p,q) HITEF I BASF B T AHRIE R, BLA [ p, o] ZORE& KA 7T 53 5 A5 Ak 1RO PR I AL 258 STk
[15] [16]%:.

FRATIL e 5 T A B PN AR AT B ORI 28 R B 3 AR R [ p, ] RIOARSGE Lo X T ref0,1), &
Sexp,r=e" Mlexp,,,r= exp(exppr) » peN . [@E, % Xlog,r=logr Mlog,,r= Iog(logpr) » peN.
B0, Ffilidexp,r=r, log,r=r, exp,r=log,r, log,r=expr -

SEX AB]: TE AL A WIEAERRE f KSR p

oy (1) =Tim 28T )
r-l |0g—
1-r
HebrT(r, f) 0 f BORHE R EL.
XFT AL N A ARENTEREL . FRATHE SN
/mm(f)=ﬁEE¥EiMéEil (p>1),
ro1 log-—*
1-r
HA M (r, f) = max f(z)-

VEL1: W M. Touji SCHRIS] A0S £ R A0LB A A PIREAT RS

p(f)<pui(f)<p(f)+1.

MR SCHR[3] Al 2.2.2, FATH

pus()=2,(1) (p22).

5B BIO] [17]: & LHRALIE A WIEAEeR % f AJIEAR p B s S E0N

Iog;N{r,ij
ﬂp(f)=m 1



£ o 7 Py R P RS T BRI [ p, ] 2

S NLr,%jz%mm%z {1 (2 Cofe] < r} R AAHL

SEX C[16]: % p=q=>12%E, | PR A NTARE, & X f i]p.q] %A

—log;T(r, f)
p[p'q](f) Ilm—1 .

r—1"

%0y
XA A AT RRAR F . FRATTHE X

—IongM(r,f)
Puppa (1) =M=

Iogql_—r
HE 1.2[16]: W HLER p>q>1, ﬁi1f]ﬁ0£p[pyq](f)<oo(0<pM[pq]( )< oo) ReEE L C, Al

7ﬁ,0[1,1](f):/0(f) (pM,[l,l](f):pM (f))iﬁﬂp[“](f): 2 () (pM [21] = Pus ( )
KT Proq (F) 1 oy o (F VAR R, ATH LR 4518
RE 1.1[16]: Bk p>q>1/28%, f 2AAE A WEA [p,q] HEFEHTERE
(O wRp=q, W

Proa (1)< Pu o (1)< P (F)+1
(2) Wk p>q, W
p[P.q](f):pM,[p,q](f)'
X DL BB pza>LREH, RN A NS, 52 X 1 19 p.o] % LS HON
e}

A[p,q](f):m 1

r-1 IOg
1-r

FAM, 2 1] p. o] SR E KSR

G W U1 G
f"+A(2)f'+A(2)f =F(2) (1.1)

B. Belaidi 1 Latreuch 7£3CHR[18] [19]- 8 5t 1 7 FEAR FIT0 7 2 TR 3G K FE R, v 1 FRid At
MR, EOTFELLFIL S,

ay=dy—0,A, By =d,AA—(d,A) —diA +d;, (12)
alzdl_dZAil ﬂ1:dzAiz_(dzAi)r_d1A1_d2A0+do+d1,’ (1.3)
h=oyf, -y, (1.4)

(=)



H 3 R A £ B4 O FRARR A [ p, ] 2

Hrefrdy, dp, dy 2 A AT AL

D'
CJ(Z)ZCJ—l( )_ H’ 1=12,3,-, (1.5)
D,,
’ D;—l -
D;(2)=C}.(2)~Ciu(2) 5 +Dju J=123:, (1.6)
j-1

A

D, .
D ) J=112131“'| (17)

H1Cy(z)=A(z), Dy(z)=A(2)FFR(z)=F(z)-

B A8]: B A, A#0, FREANEKEHRMFETRE, d), d, d,H2ANHKEHR
fgtrea s, Hd,, d, d,B2PH-AAETE, MHAh£0, hipE LL4). Wk f(z) 257
(L.1)A 75 Bt It Haws 2

max{p(A;) (1=01), p(d;) (i=012), p(F)}<p(f),
M2 g, =d, f"+d, f'+d, f 2
p(o¢)=p(f).

SEHE B[19]: BBLA, A#0, F#0&ANIKpHARMTLAREL, HHD;(z)20MF (z)#0
(1=223) R f RIFQTEAWREAFHEL p, (f)=0 F p, (F)=p, W fiHL

(1) =2, (1) =p, (f)= (i=0123-)
A
Zoa (1) = 2,0 (F9) = pp(f)=p (i=0123-)
ACH R IR AR R P B TR (LM [ p,q] SR, Forh A (2). A(2). F(2)#0 A
A ={z:]z| <1} WEIREHTEREL BATRBILLUTES
T LL: Bk p>q2 12585, A(2), A(z), F(2)20RANMHTEE. d,, d, d,HEAN
et dy, d, d, B0H-AAETE, MHEAh£0, hiEXHQ4). R f(2)£0 2%
(L.1)ffg It B
max{p[p,q](Ai) (j:O’l)’ p[m](di) (j:0,1,2), p[p,q](F)}<p[p,c|](f):°O’ (18)
H
p[p+l,q](f):p<oo'
M2 g, =d, f"+d, f'+d, f 2
Z_[p,q](f)zﬂ[p,q](f)zp[p,q](f)zp[p,q](gf)zoo
i
I[pﬂ,q](f):;{[pﬂ,q](f):p[pﬂvq](f):p[mlvfﬂ(gf):p'



B [59 A AR ) T R AR A [ p, g 2K

SEF 1.2: ik p>q212%8E8, A(z), A(z)#0, F(z)#02 AN [p,q] g MRMEAL R H.
D;(2)#0FIF (2)#0(j=123-). D;(z), F;(z)fELi(16), (1L.7). Wi f ZIF(LIIE AN
WAEMHHIL g (F) =000 prpaq(f)=p<o. WH

Z[p,q](f(j))zﬂ‘[p,q](f(j)):p[p,q](f(j)):w (J :0’1’2,3’“.)

ol
A_IF’*l-Q](f(j)):ﬂ[wl-q}(f(j))zp[pﬂ-q](f(j)):p (i=0123:)
2. XES|HE
SIE 2.1[15]: & p>q>1R%H, f Mg RANEHE [p,q) HMLARE. WH
p[pvq](f+g)§max{p[pvﬂ(f)’p[pvq}(g)}
ol

p[pvq](fg)smax{p[nq](f)'p[p,q](g)}
MR o, (F)> g (9) WA
Proa (T+9)=ppq(18)=p,q(F)

S 2.2[15]: W p>q>12%H, fRANEA[pa] LWLLmE. N

p[p,q](f’):p[p,q](f)'

52 2.3[16]: % p>q>1R%H, A (j=0,--k-1), F£02ZANMEHTERE, f(z2) ZMHHTFRQR1)
o fit

f(k)_’_Ak_l(z)f(k’1)+...+A1(z)f’+A)(z)f =F (2.1)
At max{ gy, o (A)) (1=0,k=1), g, g (F)f < gy (f)=p <o WA
Z[p,q](f):/l[p,q](f):p[p,q](f)
A
Ay ()= Apuq) (1) = gy (F)

FI# 2.4[20]: #9:(01)—>R, h:(01)— R ZFAIHHEIIKKEIFH g(r)<h(r)mor, BE—AH
SMEE, <[0,1) iv‘ﬁ/%jElld_—rrmo CAELE— A8 d € (0,0), W s(r)=1—d (1-r) , WA g(r)<h(s(r))
XFTA K r e[0,1) BRAL.

SI# 25[21]: ¥pzqzlRBE, fRANNRAREIEEA p,(T)=p<o. Bk21ZHEH.

MXHEZ [ & > 04
£ (k) 1
m[r,Tj _ O(exppl {(p-i—é‘)'ogq (EJ}J ,

WAL, Bk —AHISMEE, <[01) W2 [E, 1d_—rr =

(=)



B 5] P 2 PE R 23 T REAR I [ p,g] 2K

SI#26: W pzq2l28E, A (j=0,-k-1), F£0RAN[p,q] LHERMLLALRE, f(z) 2
%%ﬁﬁ@nﬂ%%,%ﬁqmﬂﬂzw,qwﬂ(%w<w WA

Z[p.q]( ﬁ’[pq]( ) p[pq( )_OO

A
A_‘[pﬂ,q](f):ﬂ[pﬂ,q](f):p[p+1,q](f):p'
WER: WRIETHEQE)E
1 1(f® f (k1)
T:E(TJFA“ ; +~--+A)J (2.2)
BHEHMR 2,2 F W A(B>K)NER, BE AL A ALTE BT, Wz 2 F I A-KNER.
R AT
1 (1 1) &
n(r,Tjskn(r,Tj+n(r,F]+jOn(r,Aj), (2.3)
1 —( 1 1) &
N[r,TjskN(r,Tj+N(r,Ej+;}N(r,Aj). (2.4)

R 5] 2 2.5 f1(2.2)7F

m(r,%] < m(r,é}r :_:m(r, Aj)+0[expp {(p+3)logq (ﬁj}j (2.5)

MM E, < [0.0) W [E, <o . MEE(24), @S

T(r, f)=T [r,%j+o(l) < kN_[r,%j+§T(r, A )+T(r, F)+O(expp {(p+£)|0gq (ﬁj}} (2.6)

X r e E, 0L
ﬁﬂ=maX{p[pyq](Aj),(j=O,1,2,...,k—1),p[pvq](F)}, M2 r 518, H
ﬁT(r,Aj)+T(r,F)s(k+1)expp{(y+g)|ogq(ﬁj}. (2.7)
j=0 —

WR¥E2.6), @NIEAMT, Hr->1 I,

T(r,f)< kN(r,%}(k +1)exp, {(,U+8)|qu (ﬁ)%o(expp {(P+8)|Og ( 1r)}]
= kl\_l(r,%J+O(expp {nlogq [ﬁj}}

Hrhmax{p,u} <n<oo, XtreE, KL,
A oo (F)=00 ppug(f)=p <o, HIESIH 2.4 F(2.8)3RAIH

I[M](f) ﬁlpq]() p[pq(f)_oo

(2.8)

A
/T[pﬂ'q] ( f ) - ﬂh’*lvq] ( f ) = Plosa) ( f ) =P



B [59 A AR ) T R AR A [ p, g 2K

3. EFRHVIERA
3.1. ETE 1.1 AYIEFA
B £ RITRR(L.0) M 2

max{p[p’q](Aj) (i=01), p,q(d;) (1=012), p[pvq](F)}<p[pyq](f)=oo.

KB i =F-Af -AfNg,

321
g —d,F =(d,—d,A) f'+(dy —d,A) f.

WorEL), T T =F-Af - AT £ 5

07 ~(AF) ~(d -G, A)F =| 4,4 ~(d,A) ~dA -, |

!

+[d2A0A1—(d2A))' ~d,A, +dg,} f.

FIFH(1.2), (1.3), (3.1), (32w M EH N

4

Ollf’+0lof =gf _dZFl

Bif'+ Byt =g} —(d,F) —(d, ~d,A)F .

!

N=af = (A~ 0,A ) AA (A ) ~dA +d;)

(A=) A (A AY A 0, +d

B h#£0, H(3.3)~(35), 1

f:

al(g'f ~(d,FY —alF)—ﬁl(gf ~d,F)

h

Hi(18), (3.1), 51 2.1 FI5IH 2.2 ATH py, (97 ) < g (F) o WIR

p[p,q](gf)<p[p,q](f)’

RHE(1.3), (1.8), (3.5), (3.6), I 1.1, 3[# 1.2, 57|

p[p,q](f)gmax{p[p‘q](Ai) (1=01), ppq(d;) (i=012), p[pvq](g,)}<p[p‘q](f),

R AT Jktp[p,q](gf):p[p,q](f)"
BEEIED] 0 (F)= Ppang (91 ) - #GBL), 5121, 5122, A

Plp.q (gf ) < Prpiva] ( f )'

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

XN pryag(d;)=0(i=012) 5 ppuq(A)=0(i=01) p,.q(F)=0, HIELI), (35, (36)

513 1.1, 5/ 1.2, B3

FEU\ ,0[p+1yq] (gf )S p[p+l,q] ( f ) °

p[p,q](f)sp[p%tﬂ(gf)’

()



£ fr [ 4 B4 RRARIN [ p, Q] 2%

M5 E 234
A_[M](f)=ATM](f)zp[p,fﬂ(f)zp[p,q](gf)=°°
A
A (1) = A1) (1) = Ao (F) = Apuag (90 ) = .

g7 EPTA e B 11 iFR SR
3.2. EIE 1.2 BYiERA

A A #£0, F(z)£0%[p,q] HAMRKIMLALRE, R 5IH 2.6 W15

Z[p.q](f)zﬂ[p,q](f):p[p,q](f)
A
Ay (1) = Apaq) (F) = Pppag (F) = 2.
TR PILRRLL A 1S

if”+ﬁf'+f:£
A
JiRE(3.7) ML 15
Loy, [—J LA NN (i] +1 f':[ij
A A) A A
JiRE(3.8)PiLTELL A 153
f®rcf"+Df' =F,
Hrp
A A D
C,=A-2 D=A-A2
A A A A1Ab+A\)
A
F-F-F2

BAC,, D #0, FF #020AEN[p o] ZARMOEARL, *5(3.9)XNFH 512 2.6 15
’T{p,q](f’):ﬂ[p,q](f'):/?[p,q](f’):"o
A
/T[pﬂ,q] ( f ’) = A[erl,q] ( f ') = Plp+1a] ( f')=p.
HLKe 7 72(3.9) iU B LA D, 13

Lo, Sl h

_1 .
Dl Dl Dl

JiRE(3.10) M3 oy FE 3 LA D, 15

(3.7)

(3.8)

(3.9)

(3.10)



£ o 7 Py R P RS T BRI [ p, ] 2

f&4+C,f"+D,f' =F,, (3.11)
HTC,, D,#0, F, #02HAMEN[p q] HARMLLRKE, &L W(L.5)~(1.7). FFEE.1NE S
2.6 14
A (1) = Aoy (1) = Py (1) =20
A
g (1) = s (1) = P (F7)=p.
i
/TIM]( )AIM]( )p[M](f(k))zoo (3.12)

I[pﬂ,q] ( f (k) ) = ;l[p+1,q] ( f (k)) = p[p+1,q] ( f (k)) =p- (313)
TR k=012, j—1 857, BAEIERA(3.12)~(3.13)%} k = j o L. [FF e &R A 1E
f(i+2) +Cj 1f(i+l) + Dj f0) _F

j 1
Hic,, D;#0, F;#0AALEIN[p,q] HARMLLARE, & LH(L5)~(1.7). FIHGIH 2.6 1%

%nﬂ( ) %pQ( ) PM(HD):“
i

25 BRI e 1.2 GE B e e
B

I o e o it S R B R L
EemAB

Bl 28R 2 42 (11301232,11171119), YLVG 4 1288 4 5:(20132BAB211009), YLINEHH/TH
FERL R 42(GII12207) B BA T .

SE#k (References)

[1] Hayman, W.K. (1964) Meromorphic functions. Clarendon Press, Oxford.

[2] Heittokangas, J. (2000) On complex differential equations in the unit disc. Annales Academia Scientiarum Fennice
Mathematica Dissertationes, 122, 1- 54.

[3] Laine, I. (1993) Nevanlinna Theory and complex differential equations, de Gruyter studies in mathematics, 15. Walter
de Gruyter & Co., Berlin/New York.

[4] Laine, I. (2008) Complex differential equations, handbook of differential equations: Ordinary differential equations.
Handb. Differ. Equ., Elsevier/North-Holland, Amsterdam, Vol. 1V, 269-363.

[5] Tsuji, M. (1975) Potential theory in modern function theory. Chelsea, New York, Reprint of the 1959 Edition.

[6] Belaidi, B. (2010) Oscillation of fast growing solutions of linear differential equations in the unit disc. Acta Universita-
tis Sapientiae, Mathematica, 2, 25-38.

[7] Belaidi, B. (2011) Growth of solutions of linear differential equations in the unit disc. Bulletin of Mathematical Analy-
sis and Applications, 3, 14-26.

[8] Cao, T.B. and Yi, H.Y. (2006) The growth of solutions of linear differential equations with coefficients of iterated or-



B 50 P 2 PR T REAR I [ p, ] 2R

(9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]

der in the unit disc. Journal of Mathematical Analysis and Applications, 319, 278-294.

Cao, T.B. (2009) The growth, oscillation and fixed points of solutions of complex linear differential equations in the
unit disc. Journal of Mathematical Analysis and Applications, 352, 739-748.

Chen, Z.X. and Shon, K.H. (2004) The growth of solutions of differential equations with coefficients of small growth
in the disc. Journal of Mathematical Analysis and Applications, 297, 285-304.

Chyzhykov, I.E., Gundersen, G.G. and Heittokangas, J. (2003) Linear differential equations and logarithmic derivative
estimates. Proceedings of the London Mathematical Society, 86, 735-754.

Cao, T.B., Zhu, C.X. and Liu, K. (2011) On the complex oscillation of meromorphic solutions of second order linear
differential equations in the unit disc. Journal of Mathematical Analysis and Applications, 374, 272-281.

Juneja, O.P., Kapoor, G.P. and Bajpai, S.K. (1976) On the [P,Q]-order and lower [P, Q]-order of an entire function.
Journal Fur Die Reine Und Angewandte Mathematik, 282, 53-67.

Juneja, O.P., Kapoor, G.P. and Bajpai, S.K. (1977) On the [P, Q]-order and lower [P,Q]-type of an entire function.
Journal Fur Die Reine Und Angewandte Mathematik, 280, 180-190.

Belaidi, B. (2012) Growth and oscillation theory of [P, Q] -order analytic solutions of linear differential equations in
the unit disc. Journal of Mathematical Analysis, 3, 1-11.

Latreuch, Z. and Belaidi, B. (2013) Linear differential equations with analytic coefficients of [P, Q]-order in the unit
disc. Sarajevo Journal of Mathematics, 9, 71-84.

Cao, T.B. and Deng, Z.S. (2010) Solutions of non-homogeneous linear differential equations in the unit disc. Annales
Polonici Mathematici, 97, 51-61.

Latreuch, Z. and Belaidi, B. (2013) Complex oscillation of differential polynomials in the unit disc. Periodica Mathe-
matica Hungarica, 66, 45-60.

Latreuch, Z. and Belaidi, B. (2013) Complex oscillation of solutions and their derivatives of non-homogenous linear
differetial equations in the unit disc. International Journal of Analysis and Applications, 2, 111-123.

Bank, S. (1972) General theorem concerning the growth of solutions of first-order algebraic differential equations.
Compositio Mathematica, 25, 61-70.

Belaidi, B. (2011) Growth of solutions to linear differential equations with analytic coefficients of [P, Q]-order in the
unit disc. Electron. Journal of Differential Equations, 2011, 1-11.



	-Order of Solutions of Linear Differential Equations in the Unit Disc
	Abstract
	Keywords
	单位圆内线性微分方程解的级
	摘  要
	关键词
	1. 引言
	2. 主要引理
	3. 定理的证明
	3.1. 定理1.1的证明
	3.2. 定理1.2的证明

	致  谢
	基金项目
	参考文献 (References)

