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Abstract

In order to solve the problems of complex and difficult implementation for calculating gradients of
cost function in variational data assimilation, optimization techniques for the discrete adjoint
sensitivity calculation are studied. Firstly, by comparing with the direct method of gradient com-
putation, the important role of adjoint equation in variational data assimilation is illustrated.
Through theoretical derivation and detailed analysis, it is shown that the adjoint sensitivity calcu-
lation method has significant advantages in terms of computational efficiency when the dimension
of the analysis vector is very large. Secondly, because the Jacobian matrix is an important factor in
the adjoint sensitivity calculation, the sparse and non-zero element distribution characteristics of
it are analyzed in combination with the numerical discrete schemes in atmospheric prediction
models. Thirdly, a compression strategy is given to store Jacobian matrix in variational data assi-
milation using its sparsity. Finally, different directed acyclic graphs are used to represent the
function calculation, its tangent linear and adjoint calculation processes. A fast algorithm is pro-
posed based on graph vertex elimination to accelerate adjoint sensitivity computation demon-
strated by an example. By using the graph vertex elimination method, the hotspot programs called
during the minimization of the four-dimensional variational data assimilation can be optimized
and improved, which will greatly reduce the cost of computation.
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VORHEAR I E bR 2 8 T BB i 2 0 A A HUU B 22 R A5 S, Rl TRt 2R (i R I 25 1E 1]
[2] [3] [4]o BERHAMLIE RS M. BEE. R8RS RGRRA ) SR 2RO H T 2R, X
At EHE AR B EEMNE[S] [6] [7] (8] [9]. PULEAS 5 ¥k FL 7 i2:(4D-Var) & H i H br S SR
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bR BARRN FH R AAE— RA M. 50, R R TR R B AW SR EHUTE, PIE S Tk
B AEAR A TR E AR A R 3 A FH % S B R VA S B B B T VR B R RS 2 B RTIE TE R
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PASEIFG B Jacobian 0 M I R AAAEAif, TN SENUAEGE A A T 5K o DR 7 B8 T st =X rh 24 ik
F4) S 1) 60 2 i) 2 s o o f s JLAH SRR Bl 7 FE A Jacobian H0 BE# 6 25 MUl A R AE A8 4k, il KR
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Figure 1. Diagram of Jacobian matrix compressing
[ 1. Jacobian JEFFEHEREE
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HOHDS TR0 R R 34, T H 2220 B KRN, k5 H AR B T — et 2 & 1 34
i BREAT — U R AR RN B AR R B, P R 5 it R AN B IE L[5 R0 §7
RHRMSR R R, AF 9z fl 22 B IR 4RO T 5 . AR @, R IR ZE MRS R AR R %=
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R FURBE TR A PERE T 78, AR — O RR R, RIAT3RAG B bs s B X 1 f et
AR FH PR R R R AR T, HA R S h A RN S AT SEHURAR &, R HRE LR
i AE R A AL 1P A A R 2B A . BRI Rl 5 VA AT CAUE S 2L L 1 H AR el B 35U 2
Hit G &3, SHETEMEEAWN RIS . 277505 A AR AU ot 5 b, Eigit
SRR R AT R 2%, AR EERPAT — RIS W15 R B B s A IR & o Xt
X s SIS AE FBE SR FAN SR J5 45 4) 55 R B 0 AT SE S0 1) SRS B R 2 s BN B 5 2
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y=f(x1,x2,x3)=cos[(xl+x2+x3)‘x;/2:| (19)

BRSO AR R x, (i=12,3)MEINFRIERE Y, (i=1,2,3,4), WRECHE SRR R — R 13
KIZFJTH], k| FEEFR.

B E 75 1 8 H 28 & (Independent Variable)®|[X 4% & (Dependent Variable)f) 77 Al 45 >R 574 )
R B 1 AR REOHE RS . NERESRAREE SR ALECT AERMHENE, [H
BF 73 2] bR K8 DL S B WA R B OB A, BRI 1 R . BRI V5 S B A A
Ko BRI B 3 B AR & 7 AR RS B, W3 1 AR, BEy, FHERE v, gi0E XCOAB
By KTy, FH B ETE R EmT R AR E T, Hdsh s, AN
R RE RS HEEZ MR FHERR, ki ZRFIFHEL.

Table 1. Computation sequence of the function (19) and its gradient calculation by the direct and adjoint method respectively

=1L BHOORIHERFS. BTEEAEMERGETERENFT

Bl s ] BT % BRI
x, Vx =[1 0 0] x=0, i=123
X, Vx,=[0 1 0] V=0, i=1234
X, Vx3:[0 0 1] yv=1
V=X +X, Vv, =Vx, +Vx, v, =v,—y-sinv,
v, =V +X, Vv, =Vv, + Vx, V=V, V0V, V=V 4,0,
v, =, Vv, =Vx, /(2% % =% +7,/(2J%)
V, =V, 0V, Vv, =Vy, v, +v,-Vy, V=VitY,, X=X+,
y=cosv, Vy =-Vy, -sinv, X=X+V,, X, =X+

B AR IR SR T 2 [ R R G R 2 M TR, X8 1 oR i) =R A S ] LLd -5
B#r. BhEXEG=(V.E), Hhv={v|i=12, V|| K G hTm &ML EES, FriE
WS RER P FTE TS S: E={e | k=12, |E|} R G LS, FR AR SRR
BEZFAMRGRFR. EEHEDRLRTFN e, =(v,v, ), Hdty, By, 5 HFORIL e, MR MML S, HH
TE v, PUT SR Z IR A T LPAT v, o W (vov, ) B0 (v, 0 ) ¥ T E . WITEE G T v, Fl v, Z 18 (930
Tl BRAR—A R L. WA (v.y,) e E, WG TERIAY, > v, MANEHL. WG
o AR A s, WA FONE R ERTE R . & 1 AR R R e bUs g R R R, Bk
s 2 fros. BRI TR S T R (19) A IR BT A T IR, BT E R AN TR A S e T
A HTRTH SR IN AT 2 J5 A AT o FE TS BT AR S TR AR P SR IR T s . AT AT BT S A T S N
TR, JOATAT J5 4k ) TR SO TS . RO TE B AR A EAT A [0 2%, BT DA B — R P O A 1) o 3A 1
(Directed Acyclic Graph, fEFK DAG). WA Tt AF—ANT00 s i o S 8 AR Bk 35006 T 1 IR T e 728 6 1) S 3
TWFE, FENTH RS NETT DAG ERG L, Bam=4 Tk 3 frosiiZitit DAG (Linearizd
DAG, fiifk LDAG). M 3 ml4n, EEEEL L SHRERSE 1 e w5 202 M F
IR PEAL DAG FRoR R 56 T B VE VBB FE I I 2 o DRy B4 0 Y () T B0 A P 5 037 AR B i
e, FrUATRZE =V I 3 A it 5 AT S8ua R
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Figure 2. Directed acyclic graph of function f'
B 2. &8 f(x,x,,x) BEETIE

Figure 3. Linearized directed acyclic graph of function f
B 3. fH B IR E

SR 1] 3 Zet Ak DAG i — 448 i 77 [ 1 B OV AR R T 1], FRRREE AR OG R (% 1 AR FTR)E
B E TS AR B AR T E TS, ISR 4 s AR DAG (Adjoint DAG, f#X ADAG).
ADAG 1 LDAG MR 56 4540, 7E ADAG H A Bl 2 M AR HH 8 ()38 [ £ 328 2 Bk ST i O\ & (R
AR X « x, flx,), BRI CERBITE, REEXT ADAG 01— U ) [ v 5555 B SR A 466 25 1)
o N BB ISR A TN R BB (X%, ), BIBREE R . tERRSHZVIMH. —
AR RS AT LOEE THE LDAG H H BT A J5 4k A8 f A B S BRI 2, B CE 2 SR i S 8. fERE
(5 B E ML RRRe e 15 4 FrosifEbE DAG BIE R R k. FERE 75— B R B s 2 75 EA7 i R
TR SR S S RO R, TEMR ORI )RR 75 B 24 K 0 A7 o R FHFR B0 A RFAE, 7T BASEIN Jacobian
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