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Abstract

In this paper, a modified Leslie-Gower predator prey model with anti-predator behav-

ior is studied, and the effect of adding anti-predation behavior on the dynamics of the

model is studied. In the new ordinary differential equation model, the existence and

stability of the equilibrium point are first discussed, and the existence and Hopf of the

Hopf branch are discussed with b as the branch parameter Direction of branch and

stability of periodic solution of branch. Finally, the Transcritical branch is discussed.

Studies have shown that anti-predation behavior can be beneficial to the coexistence

balance of species.
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1. Úó

��±5, Ó ö� ��m�p�^�ÄåÆ1�É�2�'5,320VÐÏ, LotkaÚ

VolterraÄgJÑ
Ó ö- ��.,=Lotka-Volterra�. [1] [2].g¦��mM5ó�±5,�

Ü©Ó ö- ��.ÑÄu²;�L-V Ó �.üz5.�
�Ð�·Ay¢I�,)û�'¯

K,Æö�}ÁïáÙ¦a.�Ó - ��..

1960c, LeslieÚ Gower ü Æö3©z [3]Ó ö- ��.�Ä:þJÑ
²;�Leslie-

Gower Ó ö- ��. [4]. 
dx

dt
= rx(1− x

K
)− qxy,

dy

dt
= sy(1− y

nx
).

(1.1)

Ù¥x Ú y ©O�L �ÚÓ ö«+�Ý, r Ú s ©O�L �ÚÓ ö�S�O�Ç, K��¸

é ����NBþ, nx ´Ó ö��¸NBþ,Ù� �«+�Ý�Czk', q ´ �x���
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<þ~�Ç.

�´3g,.¥,� �êþ���,Ó ö�
)�Ï~¬Ó Ù§� ��� Ô.Ïd^

nxL«Ó ö��¸NBþÒØ
O(
,Ïd, Leslie-Gower �.3�Ó ö- ��.¥�A^

���
éõ�U?.AO/, Aziz-Alaoui ÚOkiye [5]ÏLÚ\Ó öÚ�Ó ö�Holling II .õ

U�A,=


dx

dt
= rx(1− x

K
)− a1xy

n1 + x
,

dy

dt
= sy(1− a2y

n2 + x
).

(1.2)

Ù¥ n1Ú n2©O©OL«�¸é �ÚÓ ö«+¤Jø��o§Ý.

¦+)ÔÆ[Ï~òÄÔIP�Ó ö½ �,�k�vk²w�I[,Ï� �k�¬éÓ

 öE¤ú³,Ï�¤c� ��±ôÂÚàkrcÓ ö,~X,¤c��£ �¤U
ôÂ¿à

k����rcÓ ö [6].�frË(Ó ö)�U¬�¤cYÚ( �)ôÂÚàk [7].

k�,rcÓ ö¬�¤c �ôÂ¿àk.�§�Ø¬�¤c �¯K.ùÒJÑ
�«�Ä,

=Óà�8�´~�¿�Ú�5�Ó ºx [6] [8] [9]. �k���Ó 1�¬�� �«+�Ý

�O\,Ó ö� ��Ý�'�~� [10–13].

2015c, TangÚXiao [14]ÄgÏLÚ\��ëê�� �éÓ ö«+��Ó 1��'Ç,

JÑ
��äk�Ó 1�Ó ö- ��..


dx

dt
= rx(1− x

k
− mxy

c+ x2
),

dy

dt
=
µmxy

c+ x2
− dy − ηxy.

(1.3)

r´�Ô�S�O�Ç, K´�¸�«1å, m´Ó ö�Ó¼Ç, c´��Ú~ê, µ ´�Ô=z

�Ó ö�=zÇ, d´Ó ö«+�g,k�Ç, η´�ÔéÓ ö«+��Ó 1�Ç.

É©z [14]�éu,·��Ä�a�k�Ó 1�?��Leslie-GowerÓ  ��..��¸é

 �ÚÓ ö«+¤Jø��o§Ý�Ó.
dx

dt
= r1x(1− x

K
)− a1xy

x+m
,

dy

dt
= r2y(1− a2y

x+m
)− k1xy.

(1.4)

k1L«�´ �éÓ ö��Ó 1��'Ç,Ù¦ëê��§|(2)�Ó. æ^±e�ÃþjC�

x̄ =
x

k
; ȳ =

a1y

r1k
; t̄ = r1t,
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ÚÃþjëê

a =
m

k
; b =

a2r1
a1

; ρ =
r2
r1

; η =
k1k

r1
.

¿EPx̄�x, ȳ�y, t̄�t.

K�.(4)�z�


dx

dt
= x(1− x)− xy

x+ a
,

dy

dt
= ρy(1− by

x+ a
)− ηxy.

(1.5)

2. ²ï:��35Ú½5

2.1. ²ï:��35

éuXÚ(1.5):

(i)XÚo�3²�²ï: E0 = (0, 0) ;

(ii)XÚo�3�²�²ïï: E1 = (1, 0)Ú E2 = (0,
a

b
) ;

(iii)SÜ²ï: E3 = (x∗, y∗),´e¡�§���.
x(1− x)− xy

x+ a
= 0,

ρy(1− by

x+ a
)− ηxy = 0.

(2.1)

)Ñx∗ =
c(b− 1)

bc− η
, y∗ = (1− x∗)(x∗ + a), 0 < x∗ < 1, (b− 1)(bc− η) > 0.

2.2. ²ï:�ÛÜ½5

-f(x, y) = x(1− x)− xy

x+ a

g(x, y) = ρy(1− by

x+ a
)− ηxy

XÚ(1.5)3 Ei(x, y) ?� JacobianÝ
Xe:

JEi
=

(
fx fy

gx gy

)
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d? fx = 1− 2x− ay

(x+ a)2
fy = − x

x+ a

gx =
bcy2

(x+ a)2
− ηy, gy = c− 2bcy

(x+ a)
− ηx

½n 1²�²ï: E0 = (0, 0) ´��Q:,´Ø½�.

y²XÚ(1.5)3²ï: E0 ?� JacobianÝ
�

JE0
=


1 0

0 c

 .

Ý
 JE0
�A��� λ1 = 1 > 0, λ2 = c > 0.Ïd, ²�²ï: E0´Ø½�.

½n 2� c < η �,�²�²ï: E1 = (1, 0) ´½�;� c > η �,�²�²ï: E1 = (1, 0)

´��Q:.

y²XÚ(1.5)3²ï: E1?� JacobianÝ
�

JE1
=

−1
−1

1 + a

0 c− η

 .

Ý
 JE1
�A��� λ1 = −1 < 0, λ2 = c− η.

� c < η� λ2 = c− η < 0,¤±�²�²ï: E1 = (1, 0)´ìC½�.

� c > η� λ2 = c− η > 0,¤±�²�²ï: E1 = (1, 0)´��Q:.

½n 3� b < 1�,�²�²ï: E2 = (0,
a

b
) ´½�;� b > 1�,�²�²ï: E2 = (0,

a

b
)

´��Q:.

y²XÚ(1.5)3²ï: E2?� JacobianÝ
�

JE1
=


1− 1

b
0

c− aη
b

−c

 .

Ý
 JE2
�A��� λ1 = 1− 1

b
, λ2 = −c < 0,

� b < 1� λ1 = 1− 1

b
< 0,¤±�²�²ï: E2 = (0,

a

b
)´ìC½�.

� b > 1� λ1 = 1− 1

b
> 0,¤±�²�²ï: E2 = (0,

a

b
)´��Q:.

½n 4� b > b0� η < bc�,SÜ²ï: E3 = (x∗, y∗) ´ÛÜì?½�;� η > bc�,SÜ²

ï: E3 = (x∗, y∗)´��Q:;� b < b0� η < bc�,SÜ²ï: E3 = (x∗, y∗)´Ø½�.
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y²XÚ(1.5)3²ï: E2?� JacobianÝ
�

JE3
=


a11 a12

a21 a22

 .

Ù¥§a11 = 1− 2x∗ − ay∗

(x∗ + a)2
=
x∗(1− 2x∗ − a)

x∗ + a
, a12 = − x∗

x∗ + a
< 0

a21 = 1− 2x∗ − bc(y∗)2

(x∗ + a)2
− ηy∗, a22 = c− 2bcy∗

x∗ + a
− ηx∗ = − bcy∗

x∗ + a
< 0.

JE3
�A��§´

G(λ) = λ2 − tr[J(E3)]λ+ det[J(E3)] = 0 (2.2)

d? tr[J(E3)] = (a11 + a22) =
x∗(1− 2x∗ − a)− bcy∗

x∗ + a
,

Ù¥ det[J(E3)] = a11a22 − a12a21 =
x∗y∗(bc− η)

x∗ + a
.

dRouth-Hurwitz�â�,�tr[J(E3)] < 0, det[J(E3)] > 0�,�=�²ï:�¤kA��äkK

¢Ü�,´ÛÜì?½�.

Ún2.3

(i)tr[J(E3)] > 0��=�

(H1) 2x∗ + a < 1, b < b0, b0 =
x∗(1− 2x∗ − a)

cy∗

(ii)tr[J(E3)] < 0��=�

(H1) b > b0, b0 =
x∗(1− 2x∗ − a)

cy∗

(iii)det[J(E3)] > 0��=�

(H3)η < bc

(iv)det[J(E3)] < 0��=�

(H4)η > bc

¤±�÷v b > b0� η < bc�,λ1 + λ2 < 0, λ1λ2 > 0,��,λ1 < 0, λ2 < 0.¤±SÜ²ï:

E3 = (x∗, y∗) ´ÛÜì?½�;
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� η > bc�,λ1λ2 < 0,ü�A��´ÉÒ�,¤±SÜ²ï: E3 = (x∗, y∗) ´��Q:.

¤±�÷v b > b0� η < bc�,λ1 + λ2 < 0, λ1λ2 > 0,��,λ1 < 0, λ2 < 0.¤±SÜ²ï:

E3 = (x∗, y∗) ´ÛÜì?½�;

¤±�÷v b < b0� η < bc�,λ1 + λ2 > 0, λ1λ2 > 0, ��,λ1 > 0, λ2 > 0.¤±SÜ²ï:

E3 = (x∗, y∗) ´Ø½�"

3. ©|©Û

3.1. Hopf©|

À��Ó Ç η ��©|ëê, éJ������©|ëê�¿�yî�5^�. Ïd, ·

�± b �©|ëêÏé�. (0.4) 3²ï: E3 ?�) Hopf ©|�^�. w,, �^� (H3) ¤á

�,det[J(E3)] > 0,det tr[JE3] = 0��=� b = b0.

w,A��§3E3?k�éXJ�.

- λ(b) = α(b)± iω(b) ´ b0 ? G(λ) = 0 ��éEê�, d�

α(b) =
x∗(1− 2x∗ − a)− bcy∗

2(x∗ + a)
, β(K) =

1

2

√
−4a12a21 − (a11 − a22)2.

N´�y

α(b0) = 0,

α′(b0) =
−cy∗

2(x∗ + a)
< 0,

ùL²ok α(b0) = 0, α′(b0) < 0, =î�5^�¤á. Ïd, � b ²L b0 �, XÚ (0.4) 3 E3

?�) Hopf ©|.

�
�[©ÛHopf©|�5�,I�?�Ú?Ø�. (0.4)�IO/ª. �C� x̆ = x− x̄, y̆ =

y − ȳ, K²ï: Ē ²£��:. �Bå�, C��E^ x Ú y L«. lòÛÜXÚ (1.5) =z�


dx

dt
= (x+ x̄)[1− (x+ x̄)]− (x+ x̄)(y + ȳ)

x+ x̄+ a
,

dy

dt
= c(y + ȳ)(1− b(y + ȳ)

(x̄) + a
)− η(x+ x̄)(y + ȳ).

(3.1)

U�XÚ (1.5) � (
dx
dt
dy
dt

)
= J

(
x

y

)
+

(
f(x, y, b)

g(x, y, b)

)
, (3.2)
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Ù¥

f(x, y, b) = a20x
2 + a11xy + a30x

3 + a21x
2y + · · · ,

g(x, y, b) = b20x
2 + b02y

2 + b11xy + b21x
2y + b12xy

2v + b30x
3 + · · · ,

�

a20 =
a(1− x∗)− (x∗ + a)2

(x∗ + a)2
, a11 =

−a
(x∗ + a)2

,

a30 =
−a(1− x∗)
(x∗ + a)3

, a21 =
a

(x∗ + a)3
,

b20 =
−bc(1− x∗)2

(x∗ + a)
, b02 =

−bc
(x∗ + a)2

,

b11 =
2bc(1− x∗)− η(x∗ + a)

(x∗ + a)
, b21 =

−2bc(1− x∗)
(x∗ + a)2

,

b12 =
bc

(x∗ + a)2
, b30 =

bc(1− x∗)2

(x∗ + a)2
,

½ÂÝ


T :=

(
N 1

M 0

)
,

0 Ù¥M = − a21
ω(b)

, N = α(b)−a22
−ω(b) , K

P−1JP = Φ(K) :=

(
α(b) −ω(b)

ω(b) α(b)

)
.

�

M0 := M |b=b0 , N0 := N |b=b0 , ω0 := ω(b0).

ÏLC� (x, y)> = T (u, v)>, XÚ (1.6) ��� du

dt
dv

dt

 = Φ(b)

(
u

v

)
+

(
f1(x, y, b)

g1(x, y, b)

)
, (3.3)

Ù¥

f1(u, v, b) =
1

M
g(Nu+ v,Mu, b)

=

(
b20N

2

M
+ b02M + b11N

)
u2 +

(
2b20N

M
+ b11

)
uv

+

(
b20
M

)
v2 +

(
b30N

3

M
+ b21N

2 + b12MN

)
u3

+

(
2b21N + b12M +

3b30N
2

M

)
u2v +

(
b21 +

3b30N

M

)
uv2 +

b30
M
v3 + · · · ,
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g1(u, v, b) = f(Nu+ v,Mu, b)− N

M
g(Nu+ v,Mu, b)

=

[
(a20 − b11)N2 + (a11 − b02)MN − b20N

3

M

]
u2

+

[
(2a20 − b11)N + a11M −

2b20N
2

M

]
uv+

[
a20 −

b20N

M

]
v2

+

[
(a30 − b21)N3 + (a21 − b12)MN2)− b30N

4

M

]
u3

+

[
(3a30 − 2b21)N

2 + (2a21 − b12)MN − 3b30N
3

M

]
u2v

+

[
(3a30 − b21)N + a21M −

3b30N
2

M

]
uv2 −

(
b30N

M

)
v3 + · · · .

2�4�IC�x = rcosθ, y = rsinθ,�.(1.7)�du

ṙ = α(b)r + a(b)r3 + · · · ,
θ̇ = β(b) + c(b)r2 + · · · .

(3.4)

éXÚ (1.8) 3 b = b0 ?� Taylor Ðªk

ṙ = α′(b0)(b− b0)r + a(b0)r
3 + o((b− b0)2r, (b− b0)r3, r5),

θ̇ = β(b0) + β′(b0)(b− b0) + c(b0)r
2 + o((b− b0)2, (b− b0)r2, r4).

�
(½ Hopf ©|��Ú©|±Ï)�½5, I�O�

a(b0) := 1
16

(f1
uuu + f1

uvv + g1uuv + g1vvv)

+ 1
16β0

[f1
uv(f

1
uu + f1

vv)− g1uv(g1uu + g1vv)− f1
uug

1
uu + f1

vvg
1
vv]

�ÎÒ, Ù¥¤k� �êÑ3©|: (x, y, b) = (0, 0, b0) ?��:

f1
uuu(0, 0, b0) = 6

(
b30N

2
0

M0

+ b12M0N0 + b21N
2
0

)
, f1

uvv(0, 0, b0) = 2

(
3b30N0

M0

+ b21

)
,

g1uuv(0, 0, b0) = 2

[
(3a30 − 2b21)(N0)

2 + (2a21 − b12)M0N0 −
3b30N

3
0

M0

]
,

g1vvv(0, 0, b0) = −6b30N0

M0

, f1
uu(0, 0, b0) = 2

(
b20N

2
0

M0

+ b02M0 + b11N0

)
,

f1
uv(0, 0, b0) = (

2b20N0

M0

+ b11), f1
vv(0, 0, b0) =

2b21
M0

,

g1uu(0, 0, b0) = 2

[
(a20 − b11)N2

0 + (a11 − b02)M0N0 −
b20N

3
0

M0

]
,

g1uv(0, 0, b0) =

[
(2a20 − b11)N0 + a11M0 −

2b20N
2
0

M0

]
,

g1vv(0, 0, b0) = 2

[
a20 −

b20N0

M0

]
.
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l

a(b0) = −1

8

[6b30N
2
0 (1−N0)

M0

+ 4(a21b12M0N0) + 2(3a30 + b21)N
2
0 + 2b21

]

+
1

8ω0

[(a20 + 3a21
2

)b20N
4
0

M0

+
2(2a20 + b11)b20N

2
0

M0

+
(2a20 + b11)b21

M0

+ (2b20 + b02 + b211 − 2a220 + a20b11 + b20a11)N0 + (b02b11 − a20a11)M0

+ (a20b11 − 2a220 + 2b02b20)N
3
0 + (3b02b11 − 2a20a11 − a11b11)M0N

2
0

− a11(a20 − b11)N2
0 + (2b202 − a11b02 − a211)M2

0N0

]
.

½Â1� Liapunov Xê�

σ2 = − a(b0)

α′(b0)
.

5¿� α′(b0) < 0. d Poincaré-Andronov-Hopf ©|½n§��Xe(Ø.

½n 1.4 b� (H0), (HK1
) ¤á½ (H0), (HK2

) ¤á, K� K = K0 �, �. (0.4) 3�²ï

: Ē ?�) Hopf ©|.

(i) e a(b0) < 0, K Hopf ©|´æ�.��©|±Ï)´´Ø½�;�ìC½�.

(ii) e a(b0) > 0, K Hopf ©|´��.��©|±Ï)´Ø½�.

3.2. ª�.©|

e¡$^Sotomayor½n©Û�.�(0.4)ª�.©|

½n 3.1� η = c�,XÚ(1.5)3�²�²ï: E1 = (1, 0)?u)ª�.©|.

y²XÚ(1.5)3²ï: E1?� JacobianÝ
�

JE1
=

−1
−1

1 + a

0 0

 .

KÝ
JE3
ÚJTE3

�A��þ©O�

V =

(
V1

V2

)
=

 −1

1 + a
1

 , W =

(
W1

W2

)
=

(
0

1

)
.

PF (x, y) = ((f(x, y)), (g(x, y)))T ,ÏLO���
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Fη(E1) =


∂F1

∂η
∂F2

∂η


(E1; ηTC)

=

(
0

0

)
.

Dfη(E1; bTC)S =

(
0 0

−y −x

)(
− 1

1+a

1

)
(E1; ηTC)

=

(
0

−1

)
,

D2f(E1; ηTC)(S, S) =


∂2f1
∂x2 V1V1 + 2 ∂2f1

∂x∂y
V1V2 + ∂2f1

∂y2
V2V2

∂2f2
∂x2 V1V1 + 2 ∂2f2

∂x∂y
V1V2 + ∂2f2

∂y2
V2V2


(E1; ηTC)

=

 −2V 2
1 −

2a

(1 + a)2
V1V2

−2ηV1V2 −
2bc

(1 + a)
V 2
2


(E1; ηTC)

=


−2

(1 + a)3

2c(1− b)
1 + a

 .

Ïd, V ÚW ÷vî�5^�

W>fη(E1; ηTC) =
(

0 1
)( 0

0

)
= 0,

W>[Dfη(E1; ηTC)V ] =
(

0 1
)( 0

−1

)
= −1 6= 0,

W>[D2f(E1; ηTC)(V, V )] =
(

0 1
)

−2

(1 + a)3

2c(1− b)
1 + a

 =
2c(1− b)

1 + a
6= 0.

d Sotomayor ½n [15], XÚ (0.4) 3²ï: E1 ?�)ª�.©|. �

4. o(�Ð"

�©ïÄ
�aäk�Ó 1��?��Leslie-gowerÓ  ��.,��Ó Çη < c�b >

1�,·�uyÓ öÚ �ü�«+Ñ¬Ñ¬ªu½,`²�½§Ý��Ó 1�k|uü�«

+��;��Ó Çη > bc �b < 1�,ü�«+Ñò«ý.� �«ý�,Ó öÏ�¬�	Ó Ù§

 ��¬ªu½.

À�b�hopf©|ëê,�b²Lb0�,XÚ(1.5) 3E3?�)Hopf©|.XÚ(1.5)¬�)4��.
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