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Abstract

Sparse logistic regression is a kind of logistic regression model with sparse constraints,

which is widely used in the fields of neural networks, machine learning, and bioinfor-

matics. In this paper, based on the idea of approximating the l1 norm, six smooth

functions are used to approximate each component of the l1 norm in the sparse logis-

tic regression model, and the problem is transformed into a smoothed unconstrained

minimization problem, then a conjugate gradient method is designed to solve the

approximated model and the convergence analysis is given. Finally, numerical exper-

iments are conducted to compare with four known algorithms for solving the sparse

logistic regression model, and it is concluded that the conjugate gradient method is

effective in solving the sparse logistic regression problem.
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1. Úó

Ü6£8´�«^u)û©a¯K�AÏ��5£8�., 3ÅìÆS!êâ�÷!�Æuÿ

ÚÚOÆ�+�kX2��^. duÜ6£8��¼ê´î�à¼ê, Ïd3��Ý
´�1��

�¹ek�����z). ���ê�uA�ê�, =m ≥ n �, ��z�J�é�Ð. �m < n �

�¹�U¬��L[Üy�.��¡, m < n��¹²~Ñy3Nõ¢SA^¥. ~X�°ÄÏL�

êâ��´dêZ�ÄÏ|¤�, �´�����ì��U¼�ék����. ,��¡, ¦+ù


êâ¥kNõA�, ��k�Ü©A�´­��. �X���ØäuÐ, éuA^Ü6£8�.5)

û¢S¯K��¦Øä�#, �
O(/£ã¢S¯K�þãü�A�, I�3�¯K�Ä:þO

\DÕ�å±~�A�êþ. ù¿�X3êâ�÷ÚÅìÆSA^¥, �éuÑ\A�
ó��D
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Õ�ûü5KU
�¯/ýÿ½�Ð/)º�.. éõÆöÏLéÜ6£8�.?1�Kz?n,

l
¼�DÕ), ?
JÑ
DÕÜ6£8¯K. ù«U?¦�3?n��Ýêâ¥Óké�`³.

�c¦)DÕÜ6£8¯K��{kéõ, ~X¯�S�Â K��{ [1]!�CFÝ�

{ [2]�. �¦)Ü6£8��{Ì�kFÝeü{Ú�Ieü{, éõÆöÄuùü«�{�

Ñ
NõU?��{, XKim [3]�<�éÜ6£8¯KJÑ
�«S:{��
�Ð��J¶

Friedman [4]�<�O
�«3zgS�m©�^��CqO����§,�A^Ì��Ieü{

5��z�g¼ê�¯��{, T�{�±k�/?nDÕA�; Yuan [5]�<ÏL�Ä��/O�

��¼ê��{JÑ
�«U?�GLMNET �{^5¦)�KzÜ6£8¯K; ,	Yuan [6]�

<�JÑ
�«¦^��Úî����Ieü^u?n�Kz¯K; Bian [7]�<Äu�IeüÚ

î{JÑ
�«ØI�êâý?n�¿1�{?n�5�l1 Ü6£8¯K, T�{U
�Ð/|

^¿15
�kéÐ�\��J. Peng [8]�<Äu�Å%Cg�JÑ
¦)¨vÜ6£8�g�

5Âñ�{, ¿òT�{A^3©Ùª�;XÚ. Hadoop [9]3°þêâ8þ¢ywÍ\�. d	§

Yu [10]�<A^�Ieü{5¦)Ü6£8�éó¯K, Balamurugan [11]�<JÑ
�«�O`

z�{¦)�5�ä�KzÜ6£8¯K, ¤����.äk�~Ð�DÕ�J. d	, éuÜ6£

8�l1- �ê�Kz¯K�ïÄ8c�kéõU?��{, ~XFÝÝK�{ [12]´�@¦)l1-�ê

�Kz¯K�ÄuFÝ��{��, §´òÙ­#Lã�Ý�å�g5y¿¦^FÝÝK�{5¦

). Cc5él1- �ê�Kz¯K�¦)ïÄ�2�����{´S�Â /K�(IST) �{ [13]. �

âIST �{, 3ØÓ�`z�YÚEâeJÑ
NõØÓ��{. ~XHale [14]�<JÑ
�«Ä

u�f©�Eâ�IST ØÄ:òÿ�{. ê�(JL²\�IST �{(ü«IST [15]Ú¯�IST1) ä

k�Ð�Âñ5. d	NESTA [16]�Ñ
l1- �ê�1w¼ê, ,�¦^Nesterov �FÝ{���

¯K�); Tsuruoka [17]�<3Ü6£8¯K�¦)¥¦^�ÅFÝeü{, '[Úî{ê��J

�wÍ.

�ÝFÝ{´�«k�/)û�5���5`z¯K��{. §´�«3��eü{ÚÚî

{�m�`z�{ [18]. �'��eü{¦)`z¯K�Âñ�Ý��
Jp§Ó��;�
Ú

î{éu�;��¦±93O�Hessian Ý
Ú¦_Ý
�Øv. �ÝFÝ{�wÍ`:´ÙS

�Ú½{B§�I¦)Ñ8I¼ê����ê§éu¤I�S��¦$. �X�êâ���¯�

uÐ§��5�ÝFÝ{���
uÐ§¿2�A^uã�¡E!Ø a� [19]�+�. Cc5

�é�ÝFÝ{�ïÄÌ�8¥3ü��¡§��´é�Ýëêβk ?1U?§,	��´òØ

Ó��ÝFÝ{?1·Ü§��;á��U?�{�8�. é�Ýëêβk ���?U´Jp�

{�Ç�k�Ãã§NõÆö3ù�¡��
�Ð��J§~XPolak [20]�<�Polyak [21]JÑ


PRP�ÝFÝ{§T�{ÏLéFR �{¥�Ýëêβk?1?Ul
Jp
FR �{�Âñ�

Ý; Hu [22]�<JÑ
�«#��ÝFÝ{§ù«#��{ÏL*ÐPolak-RibiWre-Polyak [21]J

Ñ��Ýëê, ¦|¢��÷vÕáu?Û�|¢�¿©eü^�§©Oy²
3IOWolfe�|

¢^�±9IOArmijo �|¢üÑe��ÛÂñ5. ,	éu·Ü�ÝFÝ{ïÄ��{�ké

õ(J§Touati-Ahmed [23]�<ÄgòFR{�PRP {(Ü, Ú\
·Ü�ÝFÝ{, ù´é�Ý

FÝ�{��gk�}Á, #�{Ó�ä�ü«�{�`:¿�Ñ
FR {ê�Ly���Øv;

Yuan [24]�<�O
�«äk¿©eü5�Ú&6�5��?��ÝFÝ{, T�{�|¢��¿

©|^
��eü�{�²;LS �ÝFÝ�{�à|Ü5�, ¿3�½^�eïá
�ÛÂñ5
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�, ê�(JL²T?��{é��5�§|Úã�E�¯K´k��.

�©ÏLæ^8�1w¼êCql1-�ê�z�©þ, òDÕÜ6£8¯K=z�¦)1wz�

�Ã�å`z¯K, �O��eü�ÝFÝ{é1w��l1-�êÜ6£8�.?1¦), ¿�ÑÂ

ñ5©Û, ÏLê�¢�©Û8�1w¼êCqDÕÜ6£8¯K��J, ¿ò�ÝFÝ�{�®

��¦)DÕÜ6£8¯K¥�o��{?1'�, �Ñ�ÝFÝ�{¦)DÕÜ6£8¯K�k

�5.

2. ý��£

�!�Ñ�©¤�9��'½ÂÚ(Ø.

�ÄÕáÓ©Ù*ÿ�(ai, bi), i = 1, 2, . . . ,m, Ù¥ai ∈ Rn�ýÿÏ�, bi ∈ {0, 1}��?��
A�. �Ý
X = (a1

T , a2
T , . . . , aTm)T , b��A�þ, =b = (b1, b2, . . . , bm)T �x∈Rn �ëê�þ,

©aìI\y�^�VÇ/ªXe [25]:

Pr ob(bi|ai) =
exp(biηi(x))

1 + exp(ηi(x))
, i = 1, 2, · · ·m,

Ù¥η(x) = (η1(x), η2(x), . . . , ηm(x))T§�ηi(x) = ai
Tx. éêq,¼ê/ªXe:

log

m∏
i=1

Pr ob(bi|ai) =

m∑
i=1

{biηi(x)− log(1 + exp(ηi(x)))},

Ïd§·���²;�Logistic£8�.:

min
x∈Rn

f(x) :=
m∑
i=1

{log(1 + exp(ηi(x)))− biηi(x)}. (2-1)

²þÜ6��¼ê½Â�

min
x∈Rn

(1/m)f(x). (2-2)

DÕÜ6£8(SLR), =l1-�KzÜ6£8, ´äkDÕ�å�Ü6£8�., 2�A^u©a

ÚA�ÀJ¯K [26]. DÕÜ6£8�êÆ�.½ÂXeµ

min
x∈Rn

F (x) := f(x) + λ||x||1. (2-3)

Ù¥µ

f(x) =
1

m

m∑
i=1

log(1 + exp(−biaTi x)). (2-4)

´²þÜ6��¼ê, λ||x||1´l1�Kz¼ê, λ > 0. ¯K�Ñ\êâ´��Ôöêâ:8{(ai, bi) ∈
Rn × {−1, 1}, i= 1, 2, . . . ,m,m > 0}.
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duýé�¼ê|t|30?´Ø1w�, Ïdl1-�ê�Kz4�z¯K´��Ø��¯K. �
�

Ñù�(J, 3�!¥·�Ú\|t| �8�1w¼ê}Áél1-�ê�z�©þCq. e¡�Ñ|t|1w
¼ê�½ÂÚ�EL§:

½Â2.1 [19]: XJÓ�÷v±eü�^�:

(i)ψ3(µ, t) ∈ R++ ×RëY��¶

(ii)é∀t ∈ R, lim
µ→0

ψ(µ, t) = |t|. @o¡¼êψ:R++ ×R→ R´|t|�1w¼ê.

e¡·�ò0�XÛ�E|t|�1w¼ê. Äk�±*	�|t|�±©�üÜ©:

|t| = (t)+ − (t)− = (t)+ + (−t)+,

Ù¥(t)+ = max{0, t}, (t−) = min{0, t}. (t)+ �1w¼ê�±ÏLÚ\���Ý£Ø¤¼êd(t)?

1�E, Ù÷vd(t) ≥ 0 Ú
∫ +∞
−∞ d(t)dt = 1. ½Â

ŝ(t, µ) :=
1

µ
d(
t

µ
),

Ù¥µ´���ëê. XJe�^�¤á∫ +∞

−∞
|t|d(t)dt < +∞,

@o

p̂(t, µ) =

∫ +∞

−∞
(t− s)+ŝ(s, µ)ds =

∫ t

−∞
(t− s)ŝ(s, µ)ds ≈ (t)+

´(t)+�1w%C. éu\¼ê(t)+ = max{0, t}§8c®k�
Í¶�1w¼ê [27]§~Xµ

Ψ̂1(µ, t) = t+ µ ln(1 + e
t
µ ), Ψ̂2(µ, t) =


t if t ≥ µ

2
,

1
2µ

(t+ µ
2
)
2

if −µ
2
< t < µ

2
,

0 if t ≤ −µ
2
,

(2-5)

ψ̂3(µ, t) =

√
4µ2 + t2 + t

2
, ψ̂4(µ, t) =


t− µ

2
if t > µ,

t2

2µ
if 0 ≤ t ≤ µ,

0 if t < 0.

(2-6)

§�éA�Ø¼ê©OXe

d1(t) =
e−x

(1 + e−x)
2 , d2(t) =

 1 if − 1
2
≤ x ≤ 1

2
,

0 otherwise,
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d3(t) =
2

(x2 + 4)
3
2

, d4(t) =

 1 if 0 ≤ x ≤ 1,

0 otherwise.

�©¥·�ÏLòÈ�E|t|�1w¼ê [27, 28], Xe¤«µ

p̂(|t|, µ) = p̂(t, µ) + p̂(−t, µ) =

∫ +∞

−∞
|t− s|ŝ(s, µ)ds.

ÏL(2-5)-(2-6), ·���|t|�o�1w¼ê

ψ1(µ, t) = µ[ln(1 + e−
t
µ ) + ln(1 + e

t
µ )], ψ2(µ, t) =


t if t ≥ µ

2
,

t2

µ
+ µ

4
if −µ

2
< t < µ

2
,

−t if t ≤ −µ
2
,

(2-7)

ψ3(µ, t) =
√

4µ2 + t2, ψ4(µ, t) =


t2

2µ
if |t| ≤ µ,

|t| − µ
2

if |t| > µ.
(2-8)

AO/§XJ��ørÛZ�ÅØ¼ê

d(t) =


3
4
(1− t2) if |t| ≤ 1,

0 otherwise.

@o|t|�1w¼ê�

ψ5(µ, t) =


t if t > µ,

− t4

8µ3 + 3t2

4µ
+ 3µ

8
if −µ ≤ t ≤ µ,

−t if t < −µ.

(2-9)

d	§éu¤kt ∈ R, �pdØ¼êd(t) = 1√
2πµ2

e−
1
2 , ��

ŝ(t, µ) :=
1

µ
d(
t

µ
) =

1√
2πµ2

e
− t2

2µ2 ,

ùÒ��
|t|�,�«1w¼êµ

ψ6(µ, t) = terf(
t√
2µ

) +

√
2

π
µe
− t2

2µ2 . (2-10)

nþ·�|^òÈ��
8�1w¼ê, e¡·�ò|^§�CqDÕÜ6£8¯K�l1-�ê

�z�©þ.

�©(Ü±þ·�¤�E�1w¼ê±9Cq��DÕÜ6£8�., }Á�O�ÝFÝ{é
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1wDÕÜ6£8¯K?1¦). e¡·�k{�0��ÝFÝ{.

�Ä±eÃ�å�`z¯K

min f(x), x ∈ Rn

Ù¥f : Rn → R´��ëY���¼ê§^g(x)5L«f(x) �FÝ�þ, =

g(x) = ∇f(x).

�ÝFÝ{�S�L§d±eúª�Ñ

xk+1 = xk + αkdk, k = 0, 1 . . . .

Ù¥xk´�cS�:, x0´�½�Ð©:§αk �÷Xdk��þ�â,«�|¢5K���Ú�§

dk�|¢���½Â�

dk =

{
−gk, k = 0,

−gk + βkdk−1, k > 0.
(2-11)

ª(2-11)¥�gkL«∇f(xk), =f(x)3:xk ?�FÝ��. �ÝFÝ{�'�3u�ES�|¢�

�§=ª(2-11) ¥ëêβk �ÀJ. ���¹eβk �ØÓÀJéAXØÓa.��ÝFÝ�{. e�

´A«Í¶��ÝFÝ{ëêβk �/ªµ

βFRk =
‖gk‖2

‖gk−1‖2
, βPRPk =

gT
k

(gk − gk−1)
‖gk−1‖2

, (2-12)

βHSk =
gT
k

(gk − gk−1)
dTk−1gk−1

, βCDk =
‖gk‖2

dTk−1gk−1
, βDYk =

‖gk‖2

dTk−1(gk − gk−1)
, (2-13)

Ù¥|| · ||L«�þ�îAp��ê. þãA�L�ªéuà�g¼ê3°(�|¢e´���§�

´�8I¼êØ´�g¼ê��{�ê�(JLy�Âñ5¬�Xëêβk �¤ÀJ��|¢�C

z
ØÓ, �´ê�(JLyÐ�PRP�{3,
�|¢¥ØU(��ÛÂñ5, ÏdHu [22]�<

JÑ
�«#��Ýëêβk /ª§¦�U?���ÝFÝ�{3Wolfe �|¢½ö´Armijo �|

¢eÑU
äkûÐ�Âñ5§¿�T�ÝFÝ�{(NPRP))¤�|¢��÷v¿©eü^�§

Ùëêβk Xeµ

βk =
‖gk‖2 − ‖gk‖

‖gk−1‖g
T
k gk−1

max
{
µ ‖gk‖ ‖dk−1‖ , ‖gk−1‖2

} =
gTk (‖gk−1‖ gk − ‖gk‖ gk−1)

max
{
‖gk−1‖3, µ ‖gk‖ ‖gk−1‖ ‖dk−1‖

} , (2-14)

Ù¥µ > 2. þã#�PRP�ÝFÝ{äk±eü�A:µ

(1)NPRP�{÷vÕáu?¿�|¢�¿©eü^�¶

(2)�{3vk8I¼ê�à5b�e§æ^IOWolfe�|¢^�½IOArmijo �|¢üÑ

�ÛÂñ.
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Ún2.1 [22] �|¢��dkdNPRP�{)¤§K

gTk dk ≤ −(1− 2

µ
)‖gk‖2,

Ù¥µ > 2.

3. �{£ã9ÙÂñ5©Û

Äuþ�!¤�Ñ�8�1w¼ê, ·��±��XeDÕÜ6£8F (x)�Cq�..

-ϕi(µ, x)�l1-�ê‖x‖1 �1w¼ê§ϕi(µ, x)�L«Xeµ

ϕi(µ, x) :=
n∑
j=1

ψi(µ, xj), i = 1, 2, 3, 4, 5, 6. (3-1)

Kk

Fµk(x) := λϕi(µ, x) + f(x), x ∈ Rn. (3-2)

Ù¥

f(x) =
1

m

m∑
i=1

ln(1 + exp(−biaTi x)).

Ïd§¦)¯K(2-3)=z�¦)±e1wÃ�å��z¯Kµ

min
x∈Rn

Fµk(x). (3-3)

3�©¥·�ò}Á¦^�ÝFÝ�{¦)¯K(3-3). e¡�ÑXe1wz�ÝFÝ�{.

���{{{3.1(111wwwzzz���ÝÝÝFFFÝÝÝ{{{)

Step 1. �½Ð©:x0 ∈ Rn§ε > 0§µ > 2§µ0 > 0§ÀJëêρ, δ, γ, γ ∈ (0, 1)§-k = 0;

Step 2. XJ÷vª�^�‖gk‖ ≤ ε§KÊ�¶ÄK=�Step 3;

Step 3. XJk = 0§Kd0 = −g0§ÄK|^úª(2-11)O�|¢��dk§úª(2-14)O�β∗k ;

Step 4. (½αk = max {ρj , j = 0, 1, 2, . . .}§÷v

Fµk(xk + αkdk) ≤ Fµk(xk)− 2δ(1− γ)αk(∇Fµk(xk))
Tdk.

Step 5. -xk+1 = xk + αkdk§�µk+1 = γµk§k = k + 1§�£Step 2.

5µþ¡�Ñ��{�©z [19]Ú©z [22]�«O3u©z [19]æ^�´,	�«�ÝFÝ�

{¦)DÕ`z¯K§
�{3.1 æ^�´©z [22]¥�ÝFÝ{§�´§¤¦^��|¢�©

z [22]ØÓ.

�
©Ûþã�ÝFÝ{�Âñ5�§·�Äk�Ñn�Ún.
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ÚÚÚnnn3.1 ef(x) = 1
m

m∑
i=1

log(1 + exp(−biaTi x)), K‖∇f(x)−∇f(y)‖ ≤ 1
m
‖A‖2 ‖x− y‖

y²µÏ�∇f(x) = − 1
m

m∑
i=1

(1− pi(x))biai§Ù¥pi(x)= 1
1+exp(−biaTi x)

.

qÏ�∇2f(x) = 1
m

m∑
i=1

(1− pi(x))pi(x)aia
T
i l
∇f(x)−∇f(y) =

∫ 1

0
∇2f(y + t(x− y))(x− y)dt.

PA = [a1, a2, · · · , am]
T

, W (x)´d{(1− pi(x))pi(x)}mi=1 )¤�é�
§Kk

‖∇f(x)−∇f(y)‖ ≤
∫ 1

0
‖∇2f(y + t(x− y))(x− y)‖dt

≤
∫ 1

0

∥∥ 1
m
ATW (y + t(x− y))A

∥∥ ‖x− y‖dt
≤
∫ 1

0
1
m
‖A‖2 ‖W (y + t(x− y))‖ ‖x− y‖dt

≤ 1
m
‖A‖2 ‖x− y‖ ,

Ù¥‖W (y + t(x− y))‖ ≤ 1.

ÚÚÚnnn3.2 �¼êFµ(x)X(3-2)½Â, K�3��~êL > 0, é¤k�x, y ∈ Rn,

k‖∇Fµ(x)−∇Fµ(y)‖ ≤ L ‖x− y‖¤á.

y²µé?¿�½�µ > 0§�
y²∇Fµ(x)�Lipschitz 5�§I��yψi
′(i = 1, 2, 3, 4, 5, 6)

�Lipschitz^�. Ïd§·�©±eü«�¹?Ø.

�¹(1): �i = 1, 3, 5, 6�§é∀ t1, t2 ∈ R, -t1 < t2§d.�KF¥�½n��∣∣ψi′(µ, t1)− ψi′(µ, t2)∣∣ =
∣∣ψi′′(µ, ξ)∣∣ |t1 − t2| , ξ ∈ (t1, t2).

�
�Y�©ÛI�§éuz�i = 1, 3, 5, 6§·�I��O
∣∣ψi′′(µ, ξ)∣∣.

éui = 1, ·���

∣∣ψ1
′′(µ, ξ)

∣∣ =
1

µ

[
e
ξ
µ

(1 + e
ξ
µ )

2 +
e
−ξ
µ

(1 + e
−ξ
µ )

2

]
<

2

µ
.

éui = 3, é²w·��±��

∣∣ψ3
′(µ, ξ)

∣∣ =
4µ2

(4µ2 + ξ2)
3/2

<
1

2µ
.

éui = 5, ·�k

ψ5
′(µ, t) =


1 if t > µ,

− t3

2µ3 + 3t
2µ

if − µ ≤ t ≤ µ,
−1 if t < −µ.

ψ5
′′(µ, t) =


0 if t > µ,

− 3t2

2µ3 + 3
2µ

if − µ ≤ t ≤ µ,
0 if t < −µ.
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éui = 6, ·�O�

ψ6
′(µ, t) =

2√
π

∫ t√
2µ

0

e−u
2

du, ψ6
′′(µ, t) =

√
2√
πµ

e
−−t

2

2µ2 ,

dd��Ñ ∣∣ψ6
′′(µ, t)

∣∣ < √
2√
πµ

.

�âþãé
∣∣ψi′′(µ, ξ)∣∣ �O�(JL²

∣∣ψi′(µ, t1)− ψi′(µ, t2)∣∣ ≤ 3

µ
|t1 − t2| , i = 1, 3, 5, 6,∀t1, t2 ∈ R. (3-4)

�¹(2): �i = 2, 4�, aq�¹(1), Ónòψ2
′Úψ4

′ ?1�O.

éui = 2§·�k

ψ2
′(µ, t) =


1 if t ≥ µ

2
,

2t
µ

if − µ
2
< t < µ

2
,

−1 if t ≤ −µ
2
.

dut3z�«méAØÓ�ψ2
′(µ, t)L�ª, Ïd·�ét �«m��?1?Ø:

(a)XJt1 ≥ µ
2
§t2 ≥ µ

2
,t1 ≤ −µ

2
§t2 ≤ −µ

2
½öt1, t2 ∈ (−µ

2
, µ
2
)§@o

∣∣ψ2
′(µ, t1)− ψ2

′(µ, t2)
∣∣ ≤ 2

µ
|t1 − t2| .

XJt1 ≥ µ
2
§t2 ≤ −µ

2
§Kk

∣∣ψ2
′(µ, t1)− ψ2

′(µ, t2)
∣∣ = 2 = µ

2

µ
≤ 2

µ
|t1 − t2| .

(b)XJt1 ≥ µ
2
, t2 ∈ (−µ

2
, µ
2
), @o

∣∣ψ2
′(µ, t1)− ψ2

′(µ, t2)
∣∣ = 1− 2t2

µ
<

2t1
µ
− 2t2

µ
=

2

µ
|t1 − t2| .

(c)XJt1 ≤ −µ
2
§t2 ∈ (−µ

2
, µ
2
)§@o

∣∣ψ2
′(µ, t1)− ψ2

′(µ, t2)
∣∣ = 1 +

2t2
µ

< −2t1
µ

+
2t2
µ

=
2

µ
|t1 − t2| .

�âþã?Ø·��±�Ñ±e(Ø

∣∣ψ2
′(µ, t1)− ψ2

′(µ, t2)
∣∣ ≤ 2

µ
|t1 − t2| , ∀t1, t2 ∈ R.
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éui = 4, $^i = 2�¹e�Ó�?Ø�ª, Ó��±�Ñ

∣∣ψ4
′(µ, t1)− ψ4

′(µ, t2)
∣∣ ≤ 1

µ
|t1 − t2| , ∀t1, t2 ∈ R.

±þ·�éi = 2, 4?1
©Û?Ø§�Ñ±e(J

∣∣ψi′(µ, t1)− ψi′(µ, t2)∣∣ ≤ 2

µ
|t1 − t2| , i = 2, 4,∀t1, t2 ∈ R. (3-5)

�â±þ(Ø, é∀x, y ∈ Rn A^(3-4)Ú(3-5), Ó�(ÜÚn3.1, ·�k

‖∇Fµ(x)−∇Fµ(y)‖
= ‖λ [∇ϕi(µ, x)−∇ϕi(µ, x)] +∇f(x)−∇f(y)‖
≤ 3

µ
λn ‖x− y‖+ ‖A‖2

m
‖x− y‖

= L ‖x− y‖ ,

Ù¥L = 3
µ
λn+ ‖A‖2

m
.

ÚÚÚnnn3.3 �µ > 0§KY²8L(x0) = {x ∈ Rn|Fµ(x) ≤ Fµ(x0)}´k.�.

y²µ�y{. b�8Ü´L(x0)Ã.�. @o�3���I8K1§¦�
∥∥xk∥∥ → ∞, k →

∞, k ∈ K1. dFµ(x) �½Â§·�kFµ(xk) → ∞, k → ∞, k ∈ K1. ù�Fµ(xk) ≤ Fµ(x0) �gñ§

Ïd§Y²8L(x0) ´k.�.

e¡·��âþãn�Ún�Ñ�{3.1��ÛÂñ5©Û.

½½½nnn3.1 �{xk}��{)¤�S�, K

lim inf
k→∞

‖∇Fµ(xk)‖ = 0. (3-6)

y²µÄkb�lim inf
k→∞

‖∇Fµ(xk)‖ = 0Ø¤á, @o�3��~êε0 > 0§¦�

‖∇Fµ(xk)‖ ≥ ε0, ∀k. (3-7)

dÚn2.1��(∇Fµ(xk))
Tdk ≤ −(1− 2

µ
)‖∇Fµ(xk)‖2. Ïd�3αk > 0§¦�

Fµk(xk + αkdk) ≤ Fµk(xk)− 2δ(1− γ)αk(∇Fµ(xk))
Tdk. (3-8)

ù¿�X{Fµ(xk)}´4~�k.�, ��xk ∈ L(x0) Ú{Fµ(xk)} ´Âñ�. - lim
k→∞

Fµ(xk) = F∗. d

Ún2.1 Ú(3-8) �� lim
k→∞

αk‖∇Fµ(xk)‖ = 0. w,‖∇F∗‖ > 0, Ïdk

lim
k→∞

αk = 0. (3-9)
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dFµ(x)ëY��5�, �3~êr > 0§¦�

‖∇Fµ(xk)‖ ≤ r, ∀k.

e¡|^�y{y²{‖dk‖} ´k.�. b�{‖dk‖} Ã.§@o�3K2¦�‖dk‖ → ∞, k →∞, k ∈
K2, �θk�−∇Fµ(xk)�dk�m�Y�, Kk

cos θk =
−(∇Fµ(xk))

T
dk

‖∇Fµ(xk)‖ ‖dk‖
=
‖∇Fµ(xk)‖
‖dk‖

. (3-10)

dþã'Xª, (Üε0 ≤ ‖∇Fµ(xk)‖ ≤ r�±�Ñcos θk → 0, k ∈ K2, k → ∞ , =θk → π
2
, k ∈

K2, k →∞ dd�±�Ñ(∇Fµ(xk))
Tdk → 0, k ∈ K2, k →∞, =kXe'X

(1− 2

µ
)‖∇Fµ(xk)‖2 ≤ −(∇Fµ(xk))

Tdk → 0, k ∈ K2, k →∞,

ù�(3-7)�gñ. Ïd{‖dk‖} ´k.�, =�3��~êM∗ > 0¦�

‖dk‖ ≤M∗, ∀k. (3-11)

ddò(3-9)�(3-11)(Üå5§�±��

lim
k→∞

αk ‖dk‖ = 0. (3-12)

(Ü±þn�ªf, ��cos θk ≥ ε0
M∗
§?�Ú��

−(∇Fµ(xk))
Tdk = ‖∇Fµ(xk)‖ ‖dk‖ cos θk ≥

ε0
2

M∗
‖dk‖ .

d¥�½n��

∇Fµ(xk + αkdk) = Fµ(xk) + αk(∇Fµ(ξk))
Tdk

= Fµ(xk) + αk(∇Fµ(xk))
Tdk + αk(∇Fµ(ξk)−∇Fµ(xk))

Tdk

≤ Fµ(xk) + αk ‖dk‖ ( (∇Fµ(xk))T dk
‖dk‖ + ‖∇Fµ(ξk)−∇Fµ(xk)‖),

(3-13)

Ù¥xk ≤ ξk ≤ xk + αkdk. (ÜÚn3.2ÚY²8L(x0) �;5§�±�Ñ∇Fµ(x)3L(x0)þ´��

ëY�. ù�(3-12)�å¿�X�3��~êα̂ > 0�k

‖∇Fµ(ξk)−∇Fµ(xk)‖ <
1

2

ε0
2

M∗
. (3-14)

�kv
��, ª(3-13)k

∇Fµ(xk + αkdk) ≤ Fµ(xk) + α̂(− ε0
2

M∗
+ 1

2
ε0

2

M∗
)

= Fµ(xk)− α̂ε0
2

2M∗
,

(3-15)
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ù�Fµ(xk+1)− Fµ(xk)→ 0, k →∞ gñ. u´ke�ªf¤á

lim
k→∞

inf ‖∇Fµ(xk)‖ = 0.

4. ê�¢�

�u��©¤JÑ1wz�ÝFÝ�{�k�5, ��!·�ò|^8�1w¼êél1- �

ê�z�©þCq, �Ñ8«ØÓ�1wzDÕÜ6£8�., |^1wz�ÝFÝ�{é1w

z��DÕÜ6£8�.?1¦), ¿ò1wz�ÝFÝ�{£NCG¤�ê�(J��CFÝ

{(Proximal Gradient Method) [1]!�5�CFÝ{(LS- Proximal Gradient Method) [1]!\��

CFÝ{(Fast Proximal Gradient Method) [1]!�5\��CFÝ{(LS-Fast Proximal Gradient

Method) [1]�ê�(J?1é'©Û.

Table 1. Comparison of numerical results of six smoothing functions with 260 iterations

L 1. S�260g�8«1w¼ê�ê�'�(J

1w¼ê 8I¼ê� Ø� CPU�m(ü µs)

ψ1 Inf 0.003531 8.46
ψ2 0.801205 0.000002 8.42
ψ3 0.794706 0.000001 8.44
ψ4 6.706516 0.000086 50.23
ψ5 0.797260 0.000002 8.44
ψ6 0.373946 0.001343 8.24

Figure 1. The plot of the relative errors about the
approximate solutions of the models corresponding
to the six smoothing functions

ã 1. 8«1w¼êéA�.Cq)�éØ�Czã

ê�¢�¥·�¤^��êâ&E: A = (a1, a2, · · · , am)T �7366 × 300 ��DÕÝ
§y =
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Figure 2. The plot of the relative errors about the
objective function values of the models corresponding
to the six smoothing functions

ã 2. 8«1w¼êéA�.8I¼ê��éØ�Czã

Table 2. Comparison of numerical results of five algorithms with 260 iterations

L 2. S�260g�Ê«�{�ê�(J'�

�{ 8I¼ê� �éØ� CPU�m(ü µs)

PGM 0.468644 0.001012 7.61
LS-PGM 0.455093 0.000839 10.96
FPGM 0.454174 0.000978 7.65

LS-FPGM 0.454130 0.000418 15.29
NCG 0.794706 0.000001 8.44

(b1, b2, · · · , bm)T�7366× 1��þ, Ù¥(ai, bi) ∈ Rn×{−1, 1}, i = 1, 2, . . . ,m,m > 0. 3MATLAB

$1L§¥, ·�ò��S�gê���260 g, �{ëê��Xeµ

x0 = zeros(300, 1), λ = 0.008, ρ = 0.5, δ = 0.002, γ = 0.2, γ = 0.4, µ0 = 0.1, µ = 2.4.

�÷ve��éØ��, �{ª�.

‖xk+1 − xk‖
‖xk‖

< 1.0e−8.

(Ü±þëê|^MATLAB?§¢yé1w¼êCq��DÕÜ6£8�.?1¦), ·���

|^8«1w¼êCqDÕÜ6£8�.l1- �ê�ê�(JXL1, �éí�!S�S�CzX

ã1!ã2 ¤«, Ù¥ã1!ã2¥�/1!2!3!4!5!60©OéA1w¼êψ1, . . . , ψ6.

ÏLL1Úã1!ã2�ê�(J·��±�Ñ±eA:(Ø:

1) dL1·���|^�{¦)8�1w¼êéA�1wDÕÜ6£8�., 3�Ó�S�g
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Figure 3. The plot of relative error changes about the
approximate solution for the five methods

ã 3. Ê«�{Cq)�éØ�Czã

ê^�e, 1w¼êψ1Cq���8I¼ê�´ªuÃ¡��,Ø1w¼êψ4 �	, Ù{o�1w

¼ê¦)���8I¼ê���Ø�, ¿�1w¼êψ2§ψ3§ψ58I¼ê��©�C, ���Ø�

�é�¶1w¼êψ6�Ø��,�éuØ1w¼êψ1 	�o�1w¼ê��, �´§$1¤I�

�Ñ�CPU�m´Ê�1w¼ê¥���. Ød�	�,1w¼êψ2 Úψ5�{¦)(J�Ø��

�, �8I¼ê��kØÓ, ¤^�CPU �m��é�.

2) 8«1w¼êéA�1wDÕÜ6£8�.S�gê!�éí�Ú�éØ��Âñ1�©

OXã1!ã2 ¤«. lã1!ã2�±wÑ1w¼êψ2, ψ3, ψ5 �g��éí��Ø���é�¶(

ÜL1 ��1w¼êψ2A^�{¦)¤�Ñ�CPU �m´Ø1w¼êψ4§ψ6�	���, �´3

�ÓS�gêe1w¼êψ3 8I¼ê��Ø���uψ2��n�, 
�lã1!ã2�*/�±�

Ñ1w¼ê¤¦�8I¼ê��éí��S�S��éØ��Ù{A�1w¼ê�'�J�Z§

Ïd·�nÜ'��Ñ1w¼êψ3 éDÕÜ6£8�.¥�l1- �ê�z�©þCq�J�Ð. n

þ¤ã(Üã1!ã2, ·��±��8�1w¼ê��éØ�ê�LyXeµ

ψ3 � ψ2 ≈ ψ5 � ψ4 � ψ6 � ψ1.

�âþ�Ü©|^�ÝFÝ{¦)8«1w¼ê�.�'�(J�Ñ1w¼êψ3 él1- �

êz�©þ�Cq�J�Z, Ïd·�ò�ÝFÝ�{¦)1w¼êψ3 �ê�(J�{ü�C

FÝ{(Proximal Gradient Method)!�5{ü�CFÝ{(LS-Proximal Gradient Method)!\�

�CFÝ{(Fast Proximal Gradient Method)!�5\��CFÝ{(LS-Fast Proximal Gradient

Method) �ê�(J?1©Û'�. |^þ�Ü©¤^��êâÚëê�, e¡·�ò��S�g

ê���260 g. Ê«�{�ê�(J'�XL2, �{�éí�!S�S�CzXã3!ã4¤«.

ÏLL2Úã3!ã4�ê�(J·��±�Ñ±eA:(Ø:

1) dL2·��Ñ3�Ó�S�gê^�e, {ü�CFÝ{(PGM)!�5{ü�CFÝ
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Figure 4. The plot of relative error changes about the
objective function values for the five methods

ã 4. Ê«�{8I¼ê��éØ�Czã

{(LS-PGM)!\��CFÝ{(FPGM)!�5\��CFÝ{(LS- FPGM)o«�{O��Ñ�

8I¼ê�'1wz�ÝFÝ{(NCG)��éØ����, ÙØ�(J�´'1wz�ÝFÝ�{

�¶3�ÑCPU�m�¡, 1wz�ÝFÝ�{¤�Ñ�CPU�m'LS-PGM!LS-FPGM ùü�

�{¤��Ñ��má, 'PGM!FPGM I��CPU �m��.

2) Ê«�{S�gê!�éí�Ú�éØ��Âñ1�©OXã3!ã4¤«. lã3!ã4�±

wÑ, |^ùÊ«�{éDÕÜ6£8¯K¦)§3�ÓS�gê�^�e¤���8I¼ê��

éí�(J��Ø´é�, 1wz�ÝFÝ�{3¦)DÕÜ6£8¯K¤���8I¼ê��)

�'Ù¦o��{�O(, Ø���§(Üã4�±�*/w�3S�60g��, 1wz�ÝFÝ�

{��éØ��Ù{o��{�S�S��éØ��å²w, 1wz�ÝFÝ�{¦)��éØ�

`uÙ¦o��{, ùL²1wz�ÝFÝ�{¦)DÕÜ6£8¯K´k��.

Ä7�8
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