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Abstract

Compared with the fractional derivative, the kernel function of memory dependent

derivative can be selected according to the actual situation, and it has more flexibility.

The existence and uniqueness of solutions for second order memory dependent differ-

ential equations are discussed in this paper. The integral number is processed first,

then the interval of the variable is segmented, and the vector series is uniformly con-

verged by constructing pickup iterative sequence, which proves that when the delay

is small enough, the solution of the equations of the second order differentiable kernel

function exists and is unique. Then it is proved that the initial value problem has a

display solution when the kernel function takes a special case. Finally, the change of

the solution of the initial value problem is observed according to the image.
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1. Úó

©ê��ê´êÆ+����­�©|§©ê��©�fÌ�kn«/ªµGrunwald-

Letnikov½Â§Rieman-Liouvile½ÂÚCaupto½Â"�©ê��ê3A^�¡�3Øv�?§

Wang & Li [1] ëìCupto.©ê��êJÑ
#��ê))PÁ�6.�ê"

½Â 1 µ�m´���ê§ém-g��¼êf(t)"

Dm
τ f(t) =

1

τ

∫ t

t−τ
K(t− s)fm(s)ds. (1)

�¡�m�PÁ�6.�ê§τ(τ > 0)´�¢§§�LPÁ�6�ã��á§�­K(t − s)´�
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�m�ëY¼ê"

�Caputo .©ê��ê�'§ÙØ¼ê�±�â¢S�¹ÀJ"~Xµ[(s − t)/τ + 1], [(s −
t)/τ + 1]2, [(s− t)/τ + 1]

1
4 , sin[(τ + s− t)π/2π], (t− s+ τ)(s− t+ τ)/τ2"Ø¼ê�n)�éL��

�6§Ý"¤±[(s − t)/τ + 1], [(s − t)/τ + 1]2, [(s − t)/τ + 1]
1
4�/ª�\¢^§§�Ñ´üN¼

ê�3s = t− τ ?K ≡ 0 
3s = t?K ≡ 1"Ød�	§PÁ�6�«mØ2�6u��½:


´��wÄ�«m§Ø¬�X�m�O�
O�"

�
4PÁ�6.�ê�ÊÏ�ê�ê��±Ä���Sun & Wang [2]½Â
#�PÁ�6

5�ê"

½Â 2µ�m´���ê§ém-g��¼êf(t)"

Dm
τ f(t) =

1

R

∫ t

t−τ
K(t− s)fm(s)ds. (2)

�¡�m�PÁ�6.�ê§τ(τ > 0)´�¢§§�LPÁ�6�ã��á§�­¼êK(t − s)´
��m �ëY¼ê"ùp�

R =

∫ t

t−τ
K(t− s)ds.

-t− s = r, Kk

R =

∫ τ

0

K(r)dr.

Sun & Wang [3]?Ø
PÁ�6. �©�§ê�)�¯K§òPÁ�6.�êÚ\DÚ�

9D��§§±9u�Ä�§"?Ø
*ÑXê�¢éÙê�)�K�"Wang & Li3 [4] [5]¥ò

PÁ�6.�êÚ\Logistic�.§9D��§§éÙ­#ï�¿¦)"Liu & Wang [6]?Ø
�

�PÁ�6.�©�§|)��35��5§é�
�Ø¼ê�A½/ª�§���5PÁ6.

�©�§|�O()"¿òÙ�~�©�§|�)?1'�"�PÁ�6.�ê�JÑÒÚu


IS	Æö�2�'5§Kant§Shaw �<3 [7] [8] [9] [10]¥òÙ$^32Â�9Ê�5�¡"

Wang & Li [11]y²
����5Ú���5PÁ�6.�©�§)��3��5§@o��

��5PÁ�6.�©�§�)´Ä�3���QºeÙ)�3���qUÄé�ÙO()º

2. �3��5

�©�Ì�8�´y²Xe���PÁ�6.�©�§)��35���5µD2
τu(t) + aDτu(t) = F (t, u(t)), 0 < t ≤ τ,

u(t) = u∗(t),−τ ≤ t ≤ 0,
(3)

ùp�u∗(t)3«m[−τ, 0]þ´®��ëY¼ê"�t − s ∈ [0, τ ]�§Ø¼êK(t − s)����"

F (t, u(t)) ÷vLipschitz ^�§=�3~êL > 0§¦�

|F (t, u2(t))− F (t, u1(t))| ≤ L|u2(t)− u1(t)|.
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duPÁ�6.�ê¥�¹
ÊÏ�ê�È©/ª§éJ?n§Ïd·��â½Â(1)ò§?1=

zµ

D2
τu(t) + aDτu(t) =

1

τ

∫ t

t−τ
K(t− s)∂

2u

∂s2
ds+

a

τ

∫ t

t−τ
K(t− s)∂u

∂s
ds

=
u′(t)

τ
+
au(t)

τ
− 1

τ

∫ t

t−τ
∂sK

∂u

∂s
ds− a

τ

∫ t

t−τ
∂sK · u(s)ds

=
1

τ
u′(t) +

a− ∂sK(0)

τ
u(t) +

∂sK(τ)

τ
· u∗(t− τ)

+
1

τ

∫ t

t−τ
(∂2
sK − a∂sK) · u(s)ds,

ùp�

∂2
sK =

∂2K

∂s2
, ∂sK =

∂K

∂s
.

òÙ�\Ð�¯K�±��µ

u′(t) = (∂sK(0)− a)u(t)− ∂sK(τ)u∗(t− τ)

+

∫ t

t−τ
η · u(s)ds+ τF (t, u(t)).

(4)

ùp�η = a∂sK − ∂2
sK"

ò�ª(4)ü>Ó�È©µ

u(t) =

∫ t

0

[(∂sK(0)− a)u(ξ) + τF (ξ, u(ξ))− ∂sK(τ)u∗(ξ − τ)]dξ

+

∫ t

0

∫ ξ

ξ−τ
η · u(s)dsdξ.

(5)

5¿��ξ ∈ (0, τ ]�kξ − τ ∈ (−τ, 0]"�
(5)�±��

u(t) =

∫ t

0

[(∂sK(0)− a)u(ξ) + τF (ξ, u(ξ))− ∂sK(τ)u∗(ξ − τ)]dξ

+

∫ t

0

∫ ξ

0

η · u(s)dsdξ +

∫ t

0

∫ 0

ξ−τ
η · u∗(s)dsdξ.

(6)

K÷vÈ©�§(6)�¼êÒ´Ð�¯K(3)�)"

ùp�Ø¼êK(t− s) = [(s− t)/τ + 1]n(n = 1½n ≥ 2)§Kk

a∂sK − ∂2
sK =

(
an

τ
xn−1 − n(n− 1)

τ2
xn−2

)
.

ùp�x = (s− t)/τ + 1§Kkx ∈ [0, 1]"eτ < (n− 2)/a§K�x ∈ [0, 1],

an

τ
xn−1 − n(n− 1)

τ2
xn−2 < 0.
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Ù�3���

M =
n(n− 1)

τ2
− an

τ
”

½n 1µXJF (t, u(t)) 'uu(t)÷vLipschiz^�§Ø¼êK(t− s)3«m[0, τ ]þ´����§

�K(τ) = 0, K(0) = 1"�A > a(n−2)�§
(
−a(n−2) +A

)
/4L < τ < (n−2)/a¶�A ≤ a(n−2)

�§0 < τ < (n− 2)/a"KÐ�¯K(3) �3���)§½Âu«m0 < t ≤ τ þ"ùp�

A =
√
a2(n− 2)2 + 8Ln(n− 3).

y²µÄkØy�§)��35"

|^(6)�E�kS�Xeµ

u0(t) = u∗(0), t ∈ (0, τ ]

un(t) =

∫ t

0

[
(∂sK(0)− a)un−1(ξ) + τF (ξ, un−1(ξ))− ∂sK(τ)u∗(ξ − τ))

]
dξ

+

∫ t

0

∫ ξ

0

η · un−1(s)dsdξ +

∫ t

0

∫ 0

ξ−τ
η · u∗(s)dsdξ

�y²)��35§Ì�Ú½´y²¼êS�un(t)
∞
0 3«m[0, τ ]þ��Âñ"ù�duy²e�

Ã¡?ê��Âñµ

u0(t) +

∞∑
k=1

[uk(t)− uk−1(t)], 0 ≤ t ≤ τ (7)

duu1(t)´du0(t)½Â�§�
�3~êN > 0§¦�|u1(t)− u0(t)| ≤ N.

�âLipschiz^�µ

|u2(t)− u1(t)|

≤
∫ t

0

[
(|∂sK(0)− a| · |u1(ξ)− u0(ξ)|) + τ |F (t, u2(t))− F (t, u2(t))|

]
dξ

+M

∫ t

0

∫ ξ

0

|u1(s)− u0(s)|dsdξ

≤
∫ t

0

M1 · |u1(ξ)− u0(ξ)|dξ +M

∫ t

0

∫ ξ

0

|u1(s)− u0(s)|dsdξ

≤M1Nt+MN
t2

2!
.

ùp�M1 = |a− ∂sK(0)|+ τL.

5¿�t ∈ [0, τ ]§�τ÷v½n¥�^��µ|u2(t)− u1(t)| ≤ 2M1Nt. b��n = k�§

|uk(t)− uk−1(t)| ≤ kMk−1
1 N

tk−1

(k − 1)!
. (8)
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y3y²�n = k + 1�E,¤á"d�§

|uk+1(t)− uk(t)|

≤
∫ t

0

M1|uk(ξ)− uk−1(ξ)|dξ +M

∫ t

0

∫ ξ

0

|uk(s)− uk−1(s)|dsdξ

≤M1kM
k−1
1 N

tk

(k)!
+ kMN

tk+1

(k + 1)!

≤ (k + 1)Mk
1N

tk

(k)!
.

KdêÆ8B{30 ≤ t ≤ τþ§é?¿��ênÑk

|un(t)− un−1(t)| ≤ nMn−1
1 N

tn−1

(n− 1)!
≤ nMn−1

1 N
τn−1

(n− 1)!
. (9)

Kk

u0(t) +

∞∑
k=1

[uk(t)− uk−1(t)] ≤ u0(t) +

∞∑
k=1

nMn−1
1 N

τn−1

(n− 1)!
. (10)

5¿���?ê��Âñ§�âWeierstrass½n�±��¼ê�?ê���Âñ"�
Ù4��

3§5¿�3È©�§(6)¥F (t, u(t))÷vLipschiz^�§3��Âñ�^�e§4�$��±ÚÈ

©$���"Ïd´yÙ4�Ò´§�)"

y�µ

lim
n→∞

un(t) = u(t).

�e5y²��5"

�w(t)�´È©�§(6)½Âu(0, τ ]þ�ëY)"

w(t) =

∫ t

0

[
(∂sk(0)− a)w(ξ) + τf(ξ, w(ξ))− ∂sK(τ)u∗(ξ − τ)

]
dξ

+

∫ t

0

∫ ξ

0

ηw(s)dsdξ +

∫ t

0

∫ 0

ξ−τ
ηu∗(s)dsdξ.

ùp�½�3��~êÑ§¦�|u0(t)− w(t)| ≤ Ñ”"

�âþãêÆ8B{��§é?¿��êkk

|uk(t)− w(t)| ≤ (k + 1)Mk
1 Ñ

τk

k!
(11)

5¿��k →∞�
(k + 1)Mk

1 Ñ
τk

k!
→ 0.

�â4����5��§é?¿t ∈ (0, τ ]Ñku(t) = w(t) y."
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3. ���5�àgPÁ�65�©�§�){

c¡Øy
��¢v
��§��PÁ�6.�©�§�)�3���§y3�ÄUÄé�

ÙO()º�ÄXe�§|µD2
τu(t) + aDτu(t) = f(t), t ∈ (0, τ ],

u(t) = u∗(t), t ∈ [−τ, 0].
(12)

®�D2
τu(t) = DDτu(t)§-¼êv(t) = Dτu(t)§KþãÐ�¯KC�v′(t) + av(t) = f(t), t ∈ (0, τ ],

v(0) = Dτu
∗(0), t ∈ [−τ, 0].

(13)

¦)þãÐ�¯K§��

v(t) = e−at
(∫ t

0

f(s)easds+Dτu
∗(0)

)
.

K�I¦)Xe¯KÒ�±��Ð�¯K�)µDτu(t) = v(t), 0 < t ≤ τ,

u(t) = Dτu
∗(t), t ∈ [−τ, 0].

(14)

�â½Â(1)��µ

Dτu(t) =
1

τ

∫ t

t−τ
K(t− s)u′(s)ds

=
u(t)

τ
− 1

τ

∫ t

t−τ
∂sK · u(s)ds.

(15)

ò(15)�\(14)

u(t)−
∫ t

t−τ
∂sK · u(s)ds = τv(t).

�Ø¼êK(t− s) = [(s− t)/τ + 1]�§

u(t)− 1

τ

∫ t

t−τ
u(s)ds = τv(t). (16)

ò(16)ü>Ó�ét¦�µ

u′(t) =
1

τ
u(t)− 1

τ
u∗(t− τ) + τv′(t),

Ïd¦)þã~�©�§Ò�±��§�Ø¼ê��5¼ê�§þã��PÁ�6�©�§3«
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m(0, τ ]�O()µ

u(t) = et/τ
(∫ t

0

(τv′(s)− 1

τ
u∗(s− τ))e−s/τds+ u∗(0)

)
.

�Ø¼êK(t− s) = [(s− t)/τ + 1]n(n ≥ 2)�§�±aq¦)"

�e5�ÄXe���àg�5�§|�Ð�¯KµD2
τu(t) + 2Dτu(t) + u(t) = 0, 0 < t ≤ τ,

u(t) = t,−τ ≤ t ≤ 0
(17)

�â½Â(1)é�§z)µ

D2
τu(t) + 2Dτu(t) + u(t)

=
1

τ

∫ t

t−τ
K(t− s)∂

2u

∂s2
ds+

2

τ

∫ t

t−τ
K(t− s)∂u

∂s
ds+ u(t)

=
u

′
(t)

τ
+

(2− ∂sK(0) + τ)u(t)

τ
+
∂sK(τ) · u(t− τ)

τ

+
1

τ

∫ τ

t−τ
(∂2
sK − 2∂sK) · u(s)ds.

�Ø¼êK(t− s) = [(s− t)/τ + 1]�§�ªC�

τu
′
(t) + (2τ + τ2 − 1)u(t) + u(t− τ)− 2

∫ t

t−τ
u(s)ds = 0. (18)

ò�ª(18)ü>Ó�ét¦��µ

τu
′′
(t) + (2τ + τ2 − 1)u′(t) + [u(t− τ)]′ − 2u(t) + 2u(t− τ) = 0. (19)

¦)þã~�©�§§Ò�±���Ø¼êK(t − s) = [(t − s)/τ + 1]�§Ð�¯K(19)�)µ

u(t) = c1e
d1t + c2e

d2t + t+ τ2/2.

ùp�

d1 =
(

(1− 2τ − τ2) +
√

(1− 2τ − τ2)2 + 8τ
)
/2τ.

d2 =
(

(1− 2τ − τ2)−
√

(1− 2τ − τ2)2 + 8τ
)
/2τ.

c1 =
[
(τ2/2)(1− e−d1τ )

]
/
(
e−d1τ − e−d2τ

)
.

c2 =
[
(τ2/2)(e−d2τ − 1)

]
/
(
e−d1τ − e−d2τ

)
.

�Ø¼êK(t− s) = [(s− t)/τ + 1]n(n ≥ 2)�§�|^Ó���{òÐ�¯K=z¤u(t)�n �~

�©�§§¦)T~�©�§Ò�±���Ø¼êK(t − s) = ((s − t)/τ + 1)n(n ≥ 2)�§Ð�¯

K(17)�)"
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�ÄXe�~�©�§µu′′(t) + 2u′(t) + u(t) = 0, 0 < t ≤ τ

u(0) = 0, u′(0) = 1.

¦)T~�©�§kµu(t) = te−t"

ò��PÁ�6.�©�§�)�~�©�§�)?1'�§¿�Ä�¢éÙ)�K�§X

eã¤«µ

Figure 1. when τ = 1, 1.5, 2 , image of the solution of the
second order memory dependent differential equation and
the solution of the ordinary differential equation

ã 1. ��¢τ = 1, 1.5, 2�§��PÁ�6�©�§)Ú~�
©�§)�ã�

�âã 1§�±wÑ�¢3cÏéPÁ�6.�©�§)�K���§��X�m�O\ù«

K�3~f"
é~�©�§�)vkK�"�t ∈ [0, 0.6) §�¢��PÁ�6.�©�§�)�

~�©�§�)�m�å��§�t ∈ [0.6, 1.6)§fÐ��"

4. (Ø

�©kéÈ©Ò?1?n§,�òCþ�«m?1©�§|^�E�kS�S�Øy�þ?

ê��Âñ§l
y²
�Ù�¢v
�§Ø¼ê�������PÁ�6.�©�§�)�3

���"Ød�	é�
Ø¼ê��½/ª���PÁ�6.�©�§3«mþ�O()"��§

*	�¢�ØÓ��PÁ�6.�©�§�)Ú~�©�§�)�ã�§uy�¢éPÁ�6.

�©�§)�K�¬��m�Cz
Cz§é~�©�§�)ÃK�"
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